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ABSTRACT
W ithin t h e  c l a s s i c a l  t r a j e c t o r y  f o r m u l a t i o n ,  e l e c t r o n  d e ­
tachm ent i s  assumed t o  be d e s c r ib e d  by  a  t im e -d e p e n d e n t  S c h ro e d in g e r  
eq u a tio n  which d e s c r i b e s  t h e  c o u p l in g  between a  d i s c r e t e  bound s t a t e  
o f  energy  1/"og(t) and a  continuum  o f  f r e e  s t a t e s  o f  energy  ?/ EE( t )  + E. 
I f  th e  d i f f e r e n c e  £' o o ( t )  -  EECt) can be a p p ro x im a te d  by a l i n e a r  
o r  q u a d r a t i c  f u n c t io n  o f  t i m e ,  th en  a  F ou r ie r  t r a n s f o r m  reduces  t h e  
i n f i n i t e  s e t  o f  c o u p le d  e q u a t io n s  t o  a  s in g le  f i r s t  o r  second o r d e r  
d i f f e r e n t i a l  e q u a t io n .  The f i r s t  o r d e r  e q u a t io n  h a s  been so lv e d  e x ­
a c t l y ,  and  has b een  shown t o  give r e s u l t s  e q u i v a l e n t  t o  th o se  o f  t h e  
l o c a l - c o m p le x - p o te n t i a l  m o d e l .  The second o r d e r  e q u a t i o n  has b e en  
so lv ed  a p p ro x im a te ly  and a  com parison  made t o  n u m e r ic a l  s o l u t i o n s . By 
c o n s t r u c t i n g  t h e  f u l l  s c a t t e r i n g  m a t r ix  from t h e  ap p ro x im a te  s o l u t i o n s  
a  new fo rm u la  i s  o b t a in e d  f o r  the  ^ - m a t r i x  a n d ,  more s p e c i f i c a l l y ,  f o r  
th e  p r o b a b i l i t y  o f  d e tachm en t o r  o f  s u r v iv a l  o f  t h e  n e g a t iv e  i o n .  The 
th eo ry  l a  used  t o  a n a ly s e  e x p e r im e n ta l  d a ta  f o r  t h e  d i f f e r e n t i a l  and 
t o t a l  c r o s s  s e c t i o n s  o f  H- (D” ) -  He c o l l i s i o n s ;  ag re em e n t  be tw een  th e o ry  
and ex p er im en t i s  found t o  be  good.
x
THEORY OF ELECTRON DETACHMENT IN COLLISIONS 
OF NEGATIVE IONB WITH ATOMS
I . INTRODUCTION
A. O b je c t i v e s
The p u r p o s e  o f  t h i s  r e s e a r c h  i s  t o  d e v e lo p  an d  a p p ly  a  t h e o r y  
f o r  e l e c t r o n  d e tac h m e n t  i n  c o l l i s i o n s  o f  n e g a t i v e  lone  w i t h  a tom s
A + t T  — *  A + f t + e "  (1*1)
U n t i l  now, much o f  t h e  r e s e a r c h  on t h i s  p ro b le m  h a s  b e e n  g u id e d  by  th e  
p r e d i c t i o n s  o f  t h e  l o c a l - c o m p l e x - p o t e n t i a l  m o d e l .  T h is  m odel i s  v e ry  
s im p le  and  l e a d s  t o  p r e d i c t i o n s  o f  t h e  b e h a v i o r  o f  t h e  c r o s s  s e c t i o n s .  
H owever, t h e  s i m p l e s t  c l a s s i c a l  form  o f  t h e  model i s  n o t  a lw ays  i n  ac ­
c o r d  w i th  e x p e r i m e n t a l  d a t a ,  and i s  a l s o  known on t h e o r e t i c a l  g ro u n d s  
t o  h e  n o t  c o m p le t e ly  c o r r e c t .
I n  t h i s  t h e s i s ,  a  new and more r i g o r o u s  f o r m u l a t i o n  o f  t h e  
t h e o r y  o f  e l e c t r o n  d e ta c h m e n t  i s  g i v e n ,  f o l l o w i n g  id e a s  f i r s t  s u g g e s t e d  
by Demkov. C e r t a i n  a p p r o x im a t io n s  -  l i n e a r  p o t e n t i a l  d i f f e r e n c e ,  con­
s t a n t  c o u p l i n g  and c o n s t a n t  r a d i a l  v e l o c i t y  -  a r e  shown t o  l e a d  t o  t h e  
r e s u l t s  o f  t h e  l o c a l - c o m p l e x - p o t e n t i a l  m o d e l .  T h i s  d e v e lo p m en t  t h e r e f o r e ,  
g iv e s  s u f f i c i e n t  c o n d i t i o n s  f o r  t h e  v a l i d i t y  o f  t h i s  m o d e l:  we f i n d
t h a t  i t  i s  v a l i d  u n d e r  c o n d i t i o n s  a n a lo g o u s  t o  t h e  c o n d i t i o n s  f o r  th e  
v a l i d i t y  o f  t h e  L an d a u -Z e n e r  fo r m u la  f o r  t v o - s t a t e  p r o b le m s . I n  a d d i ­
t i o n ,  t h e  t h e o r y  shows how more g e n e r a l  r e s u l t s  c an  be o b t a i n e d ;  by 
g e n e r a l i z i n g  each  above  a p p r o x im a t io n  ( e . g .  q u a d r a t i c  i n s t e a d  o f  l i n e a r
2p o t e n t i a l  d i f f e r e n c e *  c o n s ta n t  a c c e l e r a t i o n  I n s t e a d  o f  c o n s t a n t  v e l o c i t y ) ,  
a  new s e t  o f  fo rm u la s  a re  o b ta in e d  which modify and c o r r e c t  t h e  p r e d ic ­
t i o n s  o f  th e  l o e a l - e a m p l e x - p o t e n t i a l  model. The fo rm u la s  a r e  u sed  to  
a n a ly s e  e x p e r im e n ta l  d a ta  on t h e  -  He ay  s tem .
B. E le c t r o n  Detachment -  Background
In t h i s  s e c t i o n ,  I s h a l l  rev iew  some e x p e r im e n ts  on n e g a t iv e
io n  c o l l i s i o n s  i n v o lv in g  e l e c t r o n  detachm ent, p r e s e n t  a  more d e t a i l e d
d e s c r i p t i o n  o f  th e  l o c a l - c o m p l e x - p o t e n t i a l  model and b r i e f l y  rev iew
some a l t e r n a t i v e  t h e o r e t i c a l  a p p ro a c h e s .
In most c a s e s , e l e c t r o n  detachment from, n e g a t iv e  io n s  o ccu rs
b ecau se  th e  p o t e n t i a l  curve  f o r  t h e  d i s c r e t e  bound s t a t e  o f  t h e  n e g a t iv e
ion  c r o s s e s  t h e  con tinuum  o f  p o t e n t i a l  curves r e p r e s e n t i n g  t h e  e l e c t r o n
e s c a p in g  th e  n e u t r a l  p a r t i c l e s *  P ig ,  l - l , T h is  c u rv e  c r o s s i n g  p i c t u r e
o f  t h e s e  c o l l i s i o n s  has  always b een  g e n e ra l ly  a c c e p te d ,  and i s  now w e ll
1 2e s t a b l i s h e d .  Ab i n i t i o  s e l f - c o n e i s t e n t - f i e l d  c a l c u l a t i o n s  T o f  p o te n ­
t i a l  cu rv e s  f o r  sy s te m s  such a s  He -  H(lf*}, Ar -  H(h” ) ,  Ar -  CJl f C j - ) ,
He -  B r(B r” ) show c r o s s in g s  a t  p o s i t i o n s  t h a t  a r e  In  good ag reem en t w ith  
p o s i t i o n s  d e te rm in e d  from i n t e r p r e t a t i o n  o f  e x p e r im e n ts .
1) l iO e a l-C o m p lex -P o te n t ia i  Model
The l o c a l - c o m p l e x - p o t e n t i a l  model can be  d e s c r ib e d  m ost sim ply 
in  t h e  fo l lo w in g  m anner: when t h e  io n ic  curve p a s s e s  i n t o  t h e  continuum
o f  n e u t r a l  cu rv e s  i t  i a  assumed t h a t  th e  d i s c r e t e  s t a t e  becomes a  tem­
p o r a r i l y  bound (q u a s i-b o u n d ]  s t a t e ,  which i s  d e s c r ib e d  by a s s i g n i n g  t h i s
3-7s t a t e  a  complex e n e r g y ,













I n t e r n u,c l e a r . D i s t a n c e
FIGURE 1 - 1  CURVE CROSSING P I C T U R E
The s t a t e ,  a t  t h a t  p o i n t ,  behaves  as a  re s o n a n c e  and decays  w i th  h a l f -
l i f e  i n v e r s e l y  p r o p o r t i o n a l  t o  £ ( R ) . T h is  a ssu m p tio n  l e a d s  im m edia te ly
3-lUt o  s e v e r a l  p r e d i c t i o n s *  The p r o b a b i l i t y  t h a t  t h e  e l e c t r o n  does no t
d e ta c h  o r ,  e q u i v a l e n t l y , t h a t  t h e  ion  s u r v iv e s  i s  g iv en  by
ps - e* p [  - r< IU«1 Jtlj
■ K ^ * 1
f l . 3 )
where R ( t )  r e p r e s e n t  th e  ( c l a s s i c a l )  n u c le a r  t r a j e c t o r y , \T i s  t h e  r a d i a l  
flRv e l o c i t y ,  —  , and Rq i s  t h e  c l a s s i c a l  t u r n i n g  p o i n t ,  I h e  p r o b a b i l i t y  
t h a t  an e l e c t r o n  w i l l  d e ta c h  t o  a s t a t e  w i th  energy  E i s
- t t t l
% ■ - e‘ Pt ' L r J t )  RlE^  a-MA F  - i r < R t E ^
O  R.(e V R p
where
a f  -  - t  ( y , - V  )JR . W
R(E) i s  th e  i n t e r n u c l e a r  d i s t a n c e  a t  which (V._ -  V } = E, and tfE }Aa" Aii
i s  t h e  t im e  a t  which th e  t r a j e c t o r y  p a sse s  th ro u g h  t h e  p o in t  R(E). 
W ith in  a  c l a s s i c a l  t r a j e c t o r y  framework th e  e l a s t i c  d i f f e r e n t i a l  c ro s s  
s e c t i o n ,  and t h e  t o t a l  de tachm ent c r o s s  s e c t i o n ,  0 ^  , a r e
g iv e n  by e q u a l ly  s im p le  fo rm u las
5w here b i s  t h e  im p a c t  p a r a m e t e r  a n d  0  i s  t h e  c l a s s i c a l  d e f l e c t i o n  
f u n c t i o n .  The i n i t i a l  a a s u m p t io n  ( 1 .2 )  and th e  r e s u l t i n g  f o r m u la e  ( 1 . 3  
th ro u g h  1 . 6 ) c h a r a c t e r i z e  t h e  " l o c a l - c o m p l e x - p o t e n t i a l  m ode l"  and i t s  
a p p l i c a t i o n  t o  t h e  i n t e r p r e t a t i o n  o f  e x p e r im e n ta l  d a t a .
E x p e r im e n ta l  t e s t a  o f  t h e  model have l e d  t o  mixed r e s u l t s , ^
I n  g e n e r a l ,  i t  h a s  b een  fo u n d  t h a t  th e  shape  o f  t h e  e l a s t i c  d i f f e r e n t i a l  
c r o s s  s e c t i o n  c an  b e  r e p r o d u c e d  by  an e m p i r i c a l l y  d e te r m in e d  l o c a l  
complex p o t e n t i a l .  T h ia  i s  n o t ,  how ever, a  ve ry  c r i t i c a l  t e a t  o f  t h e  
t h e o r y ,  b e c a u s e  t h e  com plex  p o t e n t i a l  i s  chosen w i t h  s e v e r a l  p a r a m e t e r s  
t h a t  a r e  a d j u s t e d  t o  m a tch  t h e  d i f f e r e n t i a l  c r o s s  s e c t i o n .  (Some o f  t h e  
e x p e r im e n t s  do show v e r y  c l e a r l y  a  sh a rp  a n g u la r  t h r e s h o l d  f o r  d e t a c h ­
m en t;  t h i a  t e n d s  t o  e x p e r i m e n t a l l y  co n firm  th e  as  su m p tio n  o f  a  cu rv e  
c r o s s i n g  w i t h  a  c o n t in u u m ,  th o u g h  n o t  n e c e s s a r i l y  t h e  a s s u m p t io n  o f  a  
l o c a l  com plex p o t e n t i a l . )  I t  i a  more s i g n i f i c a n t ,  h o w e v e r ,  t h a t  t h e  
same com plex  p o t e n t i a l  c o r r e c t l y  p r e d i c t s  t h e  t o t a l  d e ta c h m e n t  c r o s s  
s e c t i o n .
E x p e r im e n ts  w i t h  d i f f e r e n t  i s o to p e s  p r o v i d e  a  v e r y  i m p o r t a n t  
t e a t  o f  t h e  l o c a l - c o m p l e x - p o t e n t i a l  model. A c co rd in g  t o  t h e  m o d e l ,  
d e ta c h m e n t  t a k e s  p l a c e  w i t h  a  c h a r a c t e r i s t i c  l i f e t i m e ,  and t h e  p r e d i c ­
t i o n s  o f  t h e  model a r e  made by com paring  t h i s  l i f e t i m e  w ith  t h e  t im e  
s p e n t  by t h e  n e g a t i v e  io n  i n  t h e  u n s t a b l e  r e g io n .  From Eq, ( l . 3 ) ,  we 
s e e  d i r e c t l y  t h a t ,  o t h e r  t h i n g s  re m a in in g  e q u a l ,  a  h e a v i e r ,  s l o w e r  i s o t o p e  
w i l l  g i v e  more d e ta c h m e n t .  T h i s  p r e d i c t i o n  can b e  t e s t e d  by  c o m p a r in g  
II-  and  D-  c r o s s  s e c t i o n s .  F o r  t h e  H— ( D—) -  He s y s te m  th e  e f f e c t  i s
6v e r i f i e d .  However, f o r  H” (D ) -  Ar c o l l i s i o n s ,  t h e  e x p e r i m e n t a l  r e s u l t  
f o r  t h e  t o t a l  c r o s s  s e c t i o n  i s  o p p o s i t e  t o  t h e  p r e d i c t i o n  o f  t h e  l o c a l -  
c ample x * * p o ten tia l  model ( i n v e r s e  i s o t o p e  e f f e c t )  f o r  E £  100 eV.
In  r e g a r d s  t o  t h e  p ro b lem  o f  t h e  l o e a l - e o m p l e x - p o t e n t i a l  
m o d e l ,  t h e r e  a r e  t h r e e  p o s s i b l e  e x p l a n a t i o n s  f o r  t h e  d i s c r e p a n c i e s  some­
t im e s  found  between t h i s  t h e o r y  and e x p e r im e n t s .  F i r s t *  t h e r e  i s  th e  
p o s s i b i l i t y  t h a t  in  some c a s e s  t h e  d i s c r e t e  s t a t e  d o e s  n o t  c r o s s  t h e  
c o n t in u u m , b u t  o n ly  a p p ro a c h e s  i t  from  below* w i th  a  s t r o n g  i n t e r a c t i o n .  
For most s y s t e m s , h o w e v e r , t h e  s h a r p  b r e a k s  in  e x p e r im e n t a l  e l a s t i c  
d i f f e r e n t i a l  c r o s s  s e c t i o n s  and  th e  c r o s s i n g s  a p p e a r i n g  i n  ab  i n i t i o  
c a l c u l a t i o n s  make su ch  a  h y p o t h e s i s  u n t e n a b l e .  S e c o n d ,  t h e r e  may be 
o t h e r  s t a t e s  i n v o lv e d  i n  t h e  c o l l i s i o n  b e s i d e s  t h e  one bound ( o r  q u a s i ­
bound) s t a t e  and  th e  c o n tin u u m . T h i r d ,  i t  i s  p o s s i b l e  t h a t  ev en  i f  t h e  
s t a t e  c r o s s e s  t h e  con tinuum  an d  even  i f  no o t h e r  s t a t e s  a r e  in v o lv e d *  
th e n  s t i l l  t h e  complex p o t e n t i a l  m odel i s  n o t  a lw ay s  a p p l i c a b l e .  T h is  
t h i r d  p o s s i b i l i t y  i s  t h e  one we ch o se  t o  exam ine .
R eg a rd in g  t h i s  i s s u e ,  o p in io n  has b een  d i v i d e d ,  th o u g h  a s  y e t  
no c o n t r o v e r s l e e  have  a p p e a re d  in  p r i n t ,  A c o n s e r v a t i v e  v iew  was t h a t  
t h e  l o c a l - c o m p l e x - p o t e n t i a l  model p r i m a r i l y  a p p l i e s  t o  sy s tem s  f o r  w hich  
a  p o t e n t i a l  b a r r i e r  ( o r  some o t h e r  m echanism) s i g n i f i c a n t l y  h i n d e r s  th e  
e s c a p e  o f  t h e  e l e c t r o n ,  so  t h a t  t h e r e  i s  a  w e l l  d e f i n e d  and  l o n g - l i v e d  
q u a s i - b o u n d  s t a t e .  A more a d v e n tu ro u s  view  h e l d  t h a t  t h e  model i s  ap ­
p l i c a b l e  v e r y  g e n e r a l l y ,  even f o r  sy s te m s  f o r  w hich  t h e r e  i s  no b a r r i e r ,  
and f o r  w hich  t h e  e l e c t r o n  d e t a c h e s  r a p i d l y ,  (H ow ever, i t  i s  c e r t a i n l y
7known t h a t  th e  c l a s s i c a l  form o f  t h e  l o e a l - e o m p l e x - p o t e n t i a l  model ia  
no t c o m p le te ly  c o r r e c t  -  I t  does no t g iv e  a p ro p e r  d e s c r i p t i o n  o f  
t u r n i n g - p o i n t  phenomena o r  t h r e s h o l d  b e h a v io r* )
This  r e s e a r c h  p r o v id e s  & r e s o l u t i o n  o f  t h e  q u e s t i o n  o f  v a l i d i t y  
and a p p l i c a b i l i t y  o f  th e  l o e a l - e o m p l e x - p o t e n t i a l  model* As s t a t e d  e a r l i e r ,  
we p r e s e n t  a v e ry  g e n e r a l  fo r m u la t io n  o f  t h e  th e o r y  Of e l e c t r o n  d e ta c h ­
m ent, and show t h a t  t h e  fo rm u las  o f  t h e  l o c a l - c o m p l e x - p o t e n t i a l  model 
fo l lo w  from a ssu m p tio n s  and a p p ro x im a t io n s  t h a t  can he  p r e c i s e l y  s t a t e d .  
These a s s u m p t io n s  in v o lv e  l i n e a r  p o t e n t i a l  d i f f e r e n c e ,  c o n s ta n t  c o u p l in g ,  
and c o n s t a n t  r a d i a l  v e l o c i t y ,  b u t  th e y  do n o t  in v o lv e  h a r r i e r s  o r  weak 
c o u p l in g  a p p ro x im a t io n s ,  so th e y  show t h a t  t h e  l i f e t i m e  o f  t h e  s t a t e  i s  
n o t  d i r e c t l y  r e l e v a n t ,  He a l s o  show t h a t  m o d i f i c a t i o n  o f  th e s e  assump­
t i o n s  l e a d s  t o  improvements upon th e  c o m p le x - p o te n t i a l  fo rm u la s .
2 . O th e r  Models
B es id e  th e  l o e a l - c o m p l e x - p o t e n t i a l  m ode l, s e v e r a l  o th e r  models 
fo r  e l e c t r o n  de tachm ent have been p ro p o s e d ,  two o f  w hich  w i l l  be  rev iew ed  
in  t h i s  s e c t i o n ,
a .  Z e ro -P u d lu a  P o t e n t i a l  Model
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A, Z* D evd& riani * dev e lo p ed  a. model d e s c r i b i n g  t r a n s i t i o n s
o f  e l e c t r o n s  from a bound s t a t e  i n t o  a  con tinuum . T h is  model has  been
used s u c c e s s f u l l y  t o  e v a lu a t e  e x p e r im e n ta l ly  o b ta in e d  d i f f e r e n t i a l  c r o s s
s e c t i o n s ^ ’1^ f o r  H-  -  He, Net Ar c o l l i s i o n s  in  t h e  medium energy  ran g e
(1 0 0  eV £  E l  1000 eV ), H i i s  model i s  an e x te n s io n  o f  t h e  " z e r o - r a d i u s -
20p o t e n t i a l "  model f i r s t  p ro p o sed  by Y. Demkov.
6•Rie a s su m p tio n s  embodied in  b o th  V ersions  o f  t h e  model a r e  t h e  
fo l lo w in g ;  As t h e  n e g a t i v e  ion  and atom approach e a c h  o t h e r ,  t h e  b in d in g  
energy  o f  t h e  o u t e r  e l e c t r o n  in  t h e  AB~ q u a s in io lecu le  becomes low . The 
wave f u n c t io n  o f  t h i s  weakly bound e l e c t r o n  assumes d im ensions l a r g e r  
than  th e  re g io n  in  w hich  th e  e f f e c t i v e  p o t e n t i a l  d i f f e r s  n o t i c e a b l y  from 
z e r o ,  th u s  e f f e c t i v e l y  becoming t h a t  o f  a  f r e e  p a r t i c l e .  The ra n g e  o f  
a c t io n  o f  t h e  f i e l d  o f  t h e  AB m olecu le  may be n e g l e c t e d  and i t s  e f f e c t i v e  
p o t e n t i a l  r e p la c e d  by a  p o t e n t i a l  w e ll  o f  zero  r a d i u s .  The ch an g in g  e f ­
f e c t i v e  p o t e n t i a l  s e e n  by th e  e l e c t r o n  i s  in c o r p o r a te d  i n to  th e  m odel 
by s p e c i f y i n g  th e  l o g a r i t h m i c  d e r i v a t i v e  o f  th e  wave f u n c t io n  a s  a  fu n c ­
t i o n  o f  t im e  on th e  boundary  o f  t h e  v e i l .  The prob lem  i s  th e n  re d u c e d  
t o  s o lv in g  th e  f r e e  p a r t i c l e  S ohroed inger e q u a t io n
* ^  (1*7 )
T t  i  **■*■
w ith  t h e  tirae~ dependen t boundary c o n d i t io n
j _  I .  $ ( v ,  d ’0 )
Y c r . O
Demkov has c o n s t r u c t e d  a  s o lu t io n  f o r  a  l i n e a r  f u n c t i o n ,  f ( t ) ,
and o b ta in e d  r e s u l t s  c o n s i s t e n t  w i th  the  l o c a l - c o m p l e x - p o t e n t i a l  m odel.
D ev d arian i  has e x te n d e d  th e  ap p ro ach  by c o n s t r u c t i n g  a  s o lu t i o n  f o r  th e
x 6  XTc ase  o f  a  q u a d r a t i c  a l l y  v a ry in g  boundary c o n d i t io n .  1 The r e s u l t  i s  
a  co m b in a tio n  o f  n u m e r ic a l  and a n a l y t i c a l  ap p ro x in ta t io n s  f o r  r e g i o n s  
d e f in e d  by th e  p a r t i c u l a r  c o l l i s i o n  pa ram ete rs  in v o lv e d .
9b. Sudden A p p ro x im a tio n  w i t h  O n e - E le c t r o n  Model
A new a p p r o a c h , p a r t l y  b a s e d  upon s i m i l a r  I d e a s , h a s  been
23 2kdeveloped  by Gauyacq an d  by  H e rz e n b e rg  and Q Jha . In  t h i s  t h e o r y  
i t  i s  assumed t h a t  f o r  R g r e a t e r  t h a n  some c r i t i c a l  r a d i u s  , t h e  wave 
f u n c t io n  f o r  t h e  a c t i v e  e l e c t r o n  e v o lv e s  a d i a b a t i c o l l y  i n  a  bound s t a t e ,  
which i s  ta k e n  t o  be  a  d i f f u s e  I s  -  l i k e  s t a t e .  At a  c r i t i c a l  d i s ­
ta n c e  t h e  e l e c t r o n i c  H a m il to n ia n  i s  assum ed t o  c h an g e  s u d d e n ly  i n t o  a  
s u p e r  p o s i t i o n  o f  p la n e  w a v e s ,  w hich t h e n  p r o p a g a t e  f r e e l y  f o r  some t im e .
Qn t h e  o u tg o in g  p a r t  o f  t h e  t r a j e c t o r y ,  t h e  H am ilto n  ta n  c h an g e  a su d d e n ly  
a g a in ,  a t  w hich t im e  t h e r e  i s  some p r o b a b i l i t y  o f  r e c a p t u r e  o f  t h e  
o u tg o in g  p la n e  waves i n t o  t h e  bound s t a t e .
Given th e  c r i t i c a l  r a d i u s ,  t h i s  a p p ro a c h  le a d s  t o  s im p le  fo r m u la s .  
However, i t  i s  n o t  known how a c c u r a t e  t h e  r e s u l t s  a r e .  The ap p ro a ch  
in v o lv e s  a  o n e - e l e c t r o n  m o d e l ,  i t  a ssum es  t h e  e l e c t r o n  t o  b e  i n  a  I s  
s t a t e ,  and i t  t a k e s  t h e  s t a t e s  o f  t h e  unbound e l e c t r o n  i n t e r a c t i n g  w i th  
th e  n e u t r a l  atoms t o  be  s im p le  p la n e -w a v e  s t a t e s .  A l l  o f  t h e s e  assum p­
t i o n s  a r e  o f  q u e s t i o n a b l e  v a l i d i t y .  H owever, on ce  g iv en  t h e s e  assum p­
t i o n s  t h e  u s e  o f  t h e  su d d en  a p p ro x im a t io n  s h o u ld  b e  a c c e p t a b l e  a t  s u f ­
f i c i e n t l y  h ig h  v e l o c i t i e s .
25c, Demkov Curve G r o s s in g  Model
Detnkov has  d e v e lo p e d  a n o t h e r  a p p ro a ch  t o  t h e  p ro b le m  o f  a  
d i s c r e t e  s t a t e  c r o s s i n g  a  c o n t in u u m . The e s s e n c e  o f  t h i s  a p p ro a c h  was 
t h e  d e s c r i p t i o n  o f  t h e  co n tin u u m  a s  an  i n f i n i t e  s e t  o f  p a r a l l e l  c u rv e s  
and th e  s o l u t i o n  o f  t h e  r e s u l t i n g  c o u p l e d  e q u a t i o n s .  By a s su m in g  a 
l i n e a r  p o t e n t i a l  d i f f e r e n c e ,  c o n s t a n t  c o u p l i n g ,  an d  c o n s t a n t  r a d i a l
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v e l o c i t y ,  t h e  c o u p led  e q u a t io n s  can  "be so lv ed  by an I n t e g r a l  t r a n s fo rm  
t e c h n i q u e ,  When t h i s  method i s  a p p l i e d  t o  a tw o -a t& te  p rob lem , th e  
r e s u l t  i s  t h e  w ell-know n Landau-Zener fo rm u la .  A pplied  t o  a  c r o s s in g  
in v o lv in g  a d i s c r e t e  s e r i e s  o f  p a r a l l e l  c u r v e s r t h e  r e s u l t  I s  a  p ro d u c t  
o f  L andau-Z ener f a c t o r s ,  and when th e  d i s c r e t e  a e r i e s  i s  ta k e n  to  th e  
c o n t in u o u s  l i m i t , t h e  fo rm ulas  become th o s e  o f  t h e  lo c a l - c o m p le x -  
p o t e n t i a l  model.
I t  i s ,  i n  f a c t ,  t h i s  p a r t i c u l a r  app roach  by Pemkov which was 
th e  m o t iv a t io n  and g u id e  t o  some o f  t h e  Id ea s  p r e s e n te d  in  t h i s  r e s e a r c h .  
F o llo w in g  a method s i m i l a r  to  h i s , we w i l l  show th e  c o n n e c t io n  between 
th e  L andau-Z ener model and th e  complex p o t e n t i a l  fo rm u las  , and d is c u s s  
c o n d i t i o n s  f o r  t h e  v a l i d i t y  o f  t h e  l a c a l - c o m p l e x - p o t e n t i a l  model. Then, 
a  q u a d r a t i c  t im e  dep en d en t p o t e n t i a l  d i f f e r e n c e  a ssu m p tio n  e n ab le s  us 
to  e x t e n d  th e  l o c a l - c o m p l e x - p o t e n t i a l  model by c o r r e c t l y  d e s c r ib in g  th e  
t h r e s h o l d  and t u r n i n g - p o i n t  b e h a v io r .  The r e l a t i o n s h i p  between Demkov's 
ap p ro ach  and t h a t  o f  t h i s  r e s e a r c h  s h a l l  be c l a r i f i e d  f u r t h e r  as  th e  
developm ent i s  p r e s e n t e d .
C, R ead e rs  Guide
Having in t r o d u c e d  in  t h e  p r e v io u s  s e c t i o n s  t h e  s u b j e c t  o f  
e l e c t r o n  de tachm ent in  n e g a t iv e  io n -a to m  c o l l i s i o n s ,  t h e  rem a in d e r  o f  
t h i s  t h e s i s  i s  c o n ce rn ed  w i th  t h e  developm ent o f  a  new th e o r y  and i t s  
a p p l i c a t i o n  t o  t h e  a n a l y s i s  o f  e x p e r im e n ta l  d a t a .
In  C h ap te r  I I  t h e  f o r m u la t io n  o f  t h e  th e o r y  i s  p r e s e n t e d t h e  
p r im ary  a ss u m p tio n s  and t h e  m a th e m a t ic a l  framework a r e  o u t l i n e d  and
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e x p l a i n e d .  The a s s u m p t io n s  t h a t  a re  made e re  s u f f i c i e n t  t o  r e d u c e  t h e  
f u l l  S c h r c e d ln g e r  e q u a t i o n  t o  a  s in g le  d i f f e r e n t i a l  e q u a t i o n  and an  
accom panying  s e t  o f  a l g e b r a i c  e q u a t io n s .  The s o l u t i o n  t o  t h e s e  e q u a t i o n s  
w i th  c e r t a i n  b o u n d a ry  c o n d i t i o n s  i s  s u f f i c i e n t  t o  c o n s t r u c t  t h e  e v o l u t i o n  
m a t r ix  from w hich t h e  s c a t t e r i n g  m a tr ix  may he o b t a i n e d .  The r e l a t i o n ­
s h i p  be tw een  t h e  e v o l u t i o n  m a t r i x  and t h e  s c a t t e r i n g  m a t r i x  i s  r e v ie w e d  
in  A ppendix  A,
An i n t e g r a l  c a l l e d  G ( £  ) i s  i n t r o d u c e d  i n  t h e  f o r m u l a t i o n  o f  
t h e  t h e o r y  in  C h a p te r  I I ;  t h i s  i n t e g r a l  c o n ta i n s  much o f  t h e  i n f o r m a t i o n  
r e g a r d i n g  t h e  c o u p l i n g  b e tw een  t h e  d i s c r e t e  s t a t e  and t h e  c o n t in u u m . In  
C h a p te r  I I I  t h e  g e n e r a l  p r o p e r t i e s  o f  t h i s  f u n c t i o n  a re  d i s c u s s e d  and a  
form f o r  □{ £ ) i s  d e r i v e d  u s i n g  a  o n e -d im e n s io n a l  p o t e n t i a l  s c a t t e r i n g  
m odel.  The d e r i v a t i o n  o f  t h e  d e n s i t y  o f  s t a t e s  , u aed  t o  c o m p le te  t h e  
above a n a l y s i s ,  i s  p r e s e n t e d  i n  Appendix B,
One o f  t h e  a p p r o x im a t io n s  has t o  do w i t h  t h e  t im e  d ep en d en ce  
o f  t h e  en e rg y  gap  b e tw e e n  t h e  d i s c r e t e  s t a t e  a n d  t h e  c o n t in u u m . In  
C h a p te r  IV i t  i s  a ssum ed  t h a t  t h i s  energy  gap i s  a  l i n e a r  f u n c t i o n  o f  
t i m e ,  and  i t  i s  fo u n d  t h a t  t h e  s o l u t i o n  t o  t h i s  p ro b le m  i s  e q u i v a l e n t  
t o  t h e  fo rm u lae  p r e d i c t e d  by t h e  l o c a l - c o m p l e x - p o t e n t i a l  m o d e l .  The 
p r i n c i p l e  o f  s t a t i o n a r y  p hase  p ro v e s  ve ry  u s e f u l  I n  t h e  e v a l u a t i o n  o f  
i n t e g r a l s  in  t h i s  c h a p t e r  a s  w e l l  as  su b se q u e n t  c h a p t e r s ;  a  r e v i e w  o f  
t h i s  m ethod o f  i n t e g r a t i o n  i s  in c lu d e d  in  A ppendix  C. A l s o ,  t h e  d e r i ­
v a t i o n  o f  t h e  e l e c t r o n  d e tach m en t p r o b a b i l i t y  d e n s i t y  f o r  t h e  l i n e a r  
m odel i s  g iv e n  i n  A ppendix  D. The r e s u l t s  o f  C h a p t e r  I I ,  C h a p te r  IV ,
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and Appendix P a r e  s u f f i c i e n t  t o  g iv e  c o n d i t i o n s  o f  v a l i d i t y  f o r  t h e  
l o c  a l - c o m p le x -p o t  e n t  1 a l  m ode l.
In C h a p te r  V we e x ten d  t h e  t h e o r y  by m ak ing  a  q u a d r a t i c  a p ­
p r o x im a t io n  t o  t h e  p o t e n t i a l  d i f f e r e n c e *  An a p p ro x im a te  s o l u t i o n  t o  t h e  
r e s u l t i n g  second  o r d e r  e q u a t io n  i s  c o n s t r u c t e d  an d  compared w i th  n u m e r i­
c a l  r e s u l t s ,  F o u r i e r  t r a n s f o r m a t i o n  g iv e s  t h e  f i r s t  column o f  t h e  e v o lu ­
t i o n  m a t r ix .  In  o r d e r  t o  c o n s t r u c t  t h e  co m p le te  e v o l u t i o n  m a t r i x  
s e v e r a l  s e t s  o f  b o u n d a ry  c o n d i t i o n s  m ust be  c o n s i d e r e d ;  t h e s e  a l t e r n a t i v e  
b o u n d a ry  c o n d i t i o n s T t h e i r  c o n s e q u e n c e s ,  and t h e  F o u r i e r  t r a n s f o r m s  o f  
t h e  r e s u l t i n g  s o l u t i o n s  a r e  t h e  s u b j e c t s  o f  A p p en d ice s  E and  F . F i n a l l y ,  
t h e  f u l l  s c a t t e r i n g  m a t r i x  ia  p r e s e n t e d  a t  t h e  end  o f  C h a p te r  V.
In C h a p te r  VI we re v ie w  t h e  r e l a t i o n  b e tw ee n  t h e  s c a t t e r i n g  
matrix and th e  quantum m e ch a n ic a l  and  Bcmielassical form s f o r  t h e  d i f f e r ­
ential and t o t a l  c r o s s  s e c t i o n s ,  derive a  form  f o r  t h e  p r o b a b i l i t y  o f  
s u r v i v a l  o f  t h e  n e g a t i v e  ion, and u s e  t h i s  form t o  c a l c u l a t e  c r o s s  
s e c t i o n s  fo r  t h e  H (d - ) -  He s y s t e m s .
F i n a l l y ,  C h a p te r  VII c o n t a i n s  t h e  summary and c o n c l u s i o n s  o f  
t h e  work p r e s e n te d  i n  thi3 t h e s i s ,
I I .  FORMULATION OF THE THEORY
A. I n t r o d u c t i o n
I n  t h i s  c h a p t e r ,  t h e  m a th e m a t ic a l  fram ew ork  f o r  d e s c r i b i n g  
d e tac h m e n t  p r o c e s s e s  in  s lo w  n e g a t i v e  io n - a to m  c o l l i s i o n s  i s  d e v e lo p e d .
The m a th e m a t ic a l  fram ew ork n a t u r a l l y  r e s t s  upon a s s u m p t io n s  a b o u t  t h e  
p h y s i c a l  s y s te m s .
Any m o le c u la r  c o l l i s i o n  s y s te m  c an  be d e s c r i b e d  by a  wave 
f u n c t i o n  f o r  e l e c t r o n s  and  n u c l e i  t h a t  s a t i s f i e s  a  S c h r o e d in g e r  e q u a t i o n  
s u b j e c t  t o  s t a n d a r d  s c a t t e r i n g  b o u n d a ry  c o n d i t i o n .  H owever, t h e  f u l l  
S c h r o e d in g e r  e q u a t i o n  i s  much t o o  c o m p l i c a t e d  t o  s o l v e  d i r e c t l y .  We 
s i m p l i f y  i t  by  s e m l c l a a s l c a l  a p p r o x i m a t i o n s ,  e x p a n s io n  i n  a  c a r e f u l l y  
c h o se n  b a s i s , and  by  c e r t a i n  a s s u m p t io n s  a b o u t  t h e  r e s u l t i n g  c o u p l in g  
b e tw ee n  t h e  s t a t e s .
B. P r im a ry  A ssu m p tio n s
1. S e m i c l a s s l c a l  d e s c r i p t i o n  o f  n u c l e a r  m o tio n
B ec a u se  o f  t h e  l a r g e  m asses  o f  t h e  n u c l e i ,  t h e  d e B r o g l i e  wave­
l e n g t h  a s s o c i a t e d  w i th  t h e  n u c l e a r  m o t io n  i s  s m a l l ;  t h e r e f o r e ,  i t  i c  
p o s s i b l e  t o  t r e a t  t h e i r  m o tio n  c l a s s i c a l l y  o r  s e m i - c l a s s i c a l l y .  In  
e i t h e r  a p p r o a c h ,  t h e  n u c l e i  c an  b e  v iew ed  a s  m oving  a lo n g  some c l a s s i c a l  
t r a j e c t o r y ,  R ( t ) ,  w i t h  t h e i r  p o s i t i o n s  and  momenta w e l l  d e f i n e d  a t  each  
i n s t a n t  o f  t i m e .  The e l e c t r o n s  t h e n  s a t i s f y  a  t im e - d e p e n d e n t  S c h ro e d in g e r  
e q u a t i o n ,
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w here  t h e  p o t e n t i a l  e n e rg y  te r ra  i n  th e  e l e c t r o n i c  H a m il to n ia n  i e  t im e  
d ep en d en t by  v i r t u e  o f  t h e  n u c l e a r  motion.
The r e d u c t i o n  o f  t h e  f u l l  S c h ro e d in g e r  e q u a t i o n  t o  t h e  c l a s s i ­
c a l  t r a j e c t o r y  r ram ev o rk  h a s  b e e n  accom plished  by  a  w e ll-k n o w n  s e r i e s
w a v e le n g th  a s s o c i a t e d  w i th  t h e  n u c l e a r  n o t io n  i s  a m a l l  com pared  t o  t h e  
ra n g e  o v e r  w h ich  t h e  p o t e n t i a l  e n e rg y  ehanges s i g n i f i c a n t l y ;  ( I I )  n u c l e a r  
t r a j e c t o r i e s  on p o t e n t i a l  s u r f a c e s  a s s o c ia te d  w i t h  v a r io u s  e l e c t r o n i c  
s t a t e s  do n o t  d i f f e r  t o o  much i n  re g io n s  o f  s t r o n g  c o u p l in g ;  an d  { i i i }  
e i t h e r  t h e  c o u p l i n g  n e a r  t h e  t u r n i n g  p o in ts  i s  n e g l i g i b l e ,  o r  e l s e  t h e  
e f f e c t i v e  f o r c e s  n e a r  t h e  t u r n i n g  p o in t s  a l l  h a v e  th e  same s i g n .  T h i s  
l a s t  a s s u m p tio n  may be v i o l a t e d  f o r  some c o l l i s i o n s  l e a d i n g  t o  a s s o c i a ­
t i v e  d e t a c h m e n t , tout i t  i s  known t o  be s a t i s f i e d  f o r  m ost o f  t h e  s y s te m s  
t h a t  a r e  c u r r e n t l y  b e in g  s t u d i e d  e x p e r im e n ta l ly ,
2,  E x p a n s io n  i n  a  B a s i s
26o f  a p p r o x im a t io n s  i n v o l v i n g  t h e  fo l lo w in g  a s s u m p t io n s :  ( i )  t h e  d e B r o g l i e
The wave f u n c t i o n  i s  now e x p a n d e d  in  a  c a r e f u l l y
ch o sen  b a s i s  s e t  i t  t h a t  may c o n ta in  tooth  bound and  c a n t i n '
s t a t e s  ;
nuutn
( I I . 2)
S u b s t i t u t i n g  e q .  [ I I . £) I n t o  ( I I , 2 )  and a p p ly in g
o b t a i n
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(II.3>
On t h e  a ssu m p tio n  £ lv )  t h a t  a p p r o p r i a t e  b a s i s  s t a t e s  can be  ta jcen  t o  b e  
o r th o g o n a l ,  e q s .  ( I I , 3) red u c e  t o
1 f c i , b  = 51 k  +  ^  ( H . * 0
where
h k1( = J  t r j R . ' l  Vi $ n { r j l L l  J r
PKs =. j  + * 1 ^ 1 - * *  V  V i * '  &
I t  I s  c o n v e n ie n t  t o  s e p a r a t e  Mr & d ia l "  and  "a n g u la r* ’ c o u p l in g s  i n  t h i s  
e q u a t i o n , ( I I .  If). E x p r e s s in g  t h e  v e c t o r s  i f  an d  P i n  a  s p h e r i c a l .  c o o r ­
d i n a t e  sy s te m , su ch  t h a t  t h e i r  com ponen ts  a r e  ( V  , IT *  ,iT ®  ) ,  [ P ,  P® , )
we may w r i t e
iJT i  +  t r a P  (11*7)
and
-  C . U  ■ * ■ « •£ I k  ! l l -6 )
( I X . 5) 
( r i . 6 )
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The a n g u la r  te rm s  a r e  now re g a rd e d  as p a r t  o f  a  (v e l o c i t y - d e p e n d e n t ) 
p o t e n t i a l  m a t r ix  , and th e  r a d i a l  te rm  becomes t h e  " n o n - a d ia b a t i e "  
c o u p l in g  m a t r ix  P.
The above t r e a tm e n t  n e g l e c t s  e l e c t r o n - t r a n s l a t i o n  f a c t o r s t
which a r e  b e l i e v e d  to  be  u n im p o r tan t  in. t h i s  p rob lem , However, t h i s  i s
no t an e s s e n t i a l  a s s u m p t io n : such  f a c t o r s  can be i n c o r p o r a t e d  i n t o
eq s .  { 1 1 .2 } ,  and th e y  would g iv e  th e  u s u a l  m o d i f i c a t i o n s  to  t h e  coupled  
2Te q u a t io n s  ( 1 1 ,8 )  — in  p a r t i c u l a r  t h e y  would e l i m i n a t e  t h a t  p a r t  o f
P t h a t  o n ly  c o rre sp o n d s  t o  d is p la c e m e n t  o f  t h e  b a s i s  s t a t e s  w i th  th e  
moving n u c l e i .  S ince  such  m o d i f i c a t i o n s  do n o t  change t h e  form o f  th e  
co u p led  e q u a t i o n s ,  we can assume e i t h e r  t h a t  [va)  th e y  a r e  n e g l i g i b l e  o r  
t h a t  {vb) th e y  have i m p l i c i t l y  been  in c o r p o r a t e d  where n e c e s s a r y .
The c r i t i c a l  a ssu m p tio n s  in  t h i s  t h e o r y  d e a l  w i th  t h e  n a tu r e  
o f  t h e  b a s i s  s t a t e s .  We assume ( v i )  t h e r e  i s  a  s i n g l e  d i s c r e t e  s t a t e  
4>0  i n t e r a c t i n g  w i th  a "continuum " o f  s t a t e s  4 ^  l a b e l l e d  by th e  
in d e x  E. The c o u p l in g  m a t r i c e s  can  th e n  be s e p a r a t e d  i n t o  b lo c k s  in v o lv in g  
t h e  d i s c r e t e  s t a t e  and t h e  "continuum "
o*-_
V u
I Q - ®  I t  ««■■■■
i f " '  1 
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We assume t h a t  t h e r e  e x i s t s  a p a r t i a l l y  d i a b a t i e  and p a r t i a l l y  a d i a b a t i c  
r e p r e s e n t a t i o n  h a v in g  th e  fo l lo w in g  p r o p e r t i e s ;  ( v i i )  The d ia g o n a l
IT
"co n t in u u m 11 m a t r i x  e le m e n ts  T f"EE(R) form a  s e t  o f  p a r a l l e l  c u r v e s .  T h i s
s e t  c an  tie p a r t l y  d i s c r e t e  and  p a r t l y  c o n t in u o u s  ( a s  would tie a p p r o p r i a t e
For c o l l i s i o n s !  i o n i z a t i o n )  o r  t h e r e  may "be no d i s c r e t e  co m p o n en t .  The
o n ly  r e q u i r e m e n t  i& t h a t  t h e  d i f f e r e n c e  b e tw een  any  t v o  d i a g o n a l  e l e m e n t s ,
y ' EE(R) -  T J ~ E t E t ( R ) ,  has  a n e g l i g i b l e  d e p e n d e n c e  on B. f v l i i )  The
c o u p l i n g  betw een t h e  d i s c r e t e  s t a t e  and th e  c o n t in u u m  I s  r e p r e s e n t e d
d i & b a t i c a l l y , w i t h  v a n i s h i n g  P and  n o n - v a n i s h in g  IT ™ *  ( I f  e l e c t r o n
QE Utii
t r a n s l a t i o n  f a c t o r s  w ere  I n c l u d e d ,  we would a ssu m e  t h a t  PrtTn + v a n i s h e s'  OE OE
o r  i s  n e g l i g i b l e ) .  ( i x )  The energy  of t h e  d i s c r e t e  s t a t e  7 /~ q 0 (R) Crouses 
i n t o  t h e  cont inuum. (x)  The c o u p l in g  w ith in  t h e  cont inuum i t s e l f ,  
and  P__ . i s  n e g l i g i b l e .  T his  l a s t  assumption i s  t h e  o n ly  one t h a t  i sthCi
d i f f i c u l t  to  j u s t i f y  a  p r i o r i . We could d e f i n e  t h e  co n tin u u m  s t a t e s  su ch  
t h a t  i s  d i a g o n a l , b u t  th e n  t h e  s t a t e s  would b e  c o u p le d  by b o t h  r a d i a l  
and  a n g u la r  p a r t s  o f  T; t o  e l i m i n a t e  th e s e  c o u p l i n g s ,  we w ould h a v e  t o  
go t o  a  r e p r e s e n t a t i o n  i n  w hich  li i s  not d i a g o n a l .  (We c o u ld  a l s o  d e f i n e  
t h e  continuum  s t a t e s  su c h  t h a t  t h e  "continuum" b l o c k  o f  I T  i s  d i a g o n a l ,  
and t h e n  assume o n l y  t h a t  PE£ t i s  n e g l ig ib l e  j h o w ev er  t h i s  f u l l y  a d i a b a t i c  
r e p r e s e n t a t i o n  i s  r a r e l y  u s e f u l  i n  p r a c t i c e ) .  So i t  i s  i m p o s s i b l e  t o  hav e  
a  r e p r e s e n t a t i o n  i n  w hich  in t r a - c o n t in u u m  c o u p l i n g s  v a n i s h ,  b u t  i t  i s  b e ­
l i e v e d  t h a t  su ch  c o u p l i n g s  a r e  l e s s  im p o r tan t  t h a n  th e  c o u p l i n g s  be tw een
the discrete state aud the continuum. ThiE assumption has frequently been
28made i n  t h e  p a s t ,  ( i n  f a c t  n o n e  o f  th e  p r e s e n t l y  a v a i l a b l e  t h e o r i e s  o f  
n c g a t i v e - i c n  c o l l i s i o n s  t a k e  a c c o u n t  o f  such  i n t r a - c o n t i n u u m  c o u p l i n g s )  
and  I t  i s  on ly  p o s s i b l e  t o  make p ro g r e s s  on t h i s  p ro b lem  by  u s i n g  t h i e  
a s s u m p t io n  f o r  t h e  p r e s e n t ,  and  l a t e r  r e l a x i n g  o r  m o d ify in g  i t .  ( x i )  The
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t i n e  depen d en ce  o f  t h e  m a t r ix  e le m e n ts  TXgQ and t r 0E ( c o u p l in g  t h e  
d i s c r e t e  s t a t e  t o  t h e  co n tin u u m ) can  h e  n e g l e c t e d .  T h is  a s s u m p t io n  i s  
u s e f u l  f o r  problem s i n v o l v i n g  c r o s s i n g  c u r v e s .  In  t h a t  c a s e  i t  i s  th e  
time depen d en ce  o f  t h e  e n e rg y  gap \ T n n  -  t h a t  i s  o f  p r im a ry  im-\Ju Ehi
p o r t a n c e .  The E -d ep en d en ce  o f  t h e  c o u p l in g  ^ O E  c a n n o t  be n e g l e c t e d , 
bu t i t s  t im e  d ependence  l a  o f  s e c o n d a ry  im p o r ta n c e .  For e x a m p le ,  i n  t h e  
d i s c r e t e  cu rv e  c r o s s i n g  prob lem  t h e  t im e  d ependence  o f  V does  n o t
a p p ea r  i n  t h e  L a n d au -Z en e r  fo rm u la .  The same would b e  e x p e c te d  t o  h o ld
t r u e  f o r  t h e  p r e s e n t  c a s e  o f  a  d i s c r e t e  cu rv e  c r o s s i n g  a  co n tin u u m . For 
th e  c a s e  o f  Penning  i o n i z a t i o n ,  i n  w h ich  th e  d i s c r e t e  s t a t e  a lw ay s  l i e s  
i n  t h e  co n tin u u m , o r  f o r  any c a s e  w here  t h e r e  i s  no c r o s s i n g ,  t h i s  ap ­
p ro x im a t io n  would have  t o  be  m o d i f i e d .
C. M a th e m a t ic a l  Framework
The a s s u m p t io n s  p r e s e n t e d  i n  t h e  p r e v i o u s  s e c t i o n  r e d u c e  t h e  
c o u p led  e q u a t io n s  ( I I . 8 )  t o  a  t r a c t a b l e  form . Let u s  w r i t e
T his  p h a s e  t r a n a f o r m a t i o n  c a s t s  ( I I . 8) i n t o  a  form w h ich  depends  o n ly  
on e n e rg y  d i f f e r e n c e s :
*%> 4 - C. = V  C  
J t  ~ ( 1 1 .1 1 )
v „  ( 3 Q _ -
F( o E S ( E - E ' )
v - t o  -- T £ # t t  - * r „ i o  v . E -- v n V  ' I Tt o  U tO
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E q u a t io n  (11*11) s t i l l  r e q u i r e s  t h a t  we s o l v e  an  i n f i n i t e  s e t  o f  c o u p le d  
e q u a t i o n s  t s p e c i f i c a l l y ,
( I I . I S )
I'Vi 1  < y*J  *  S J E f i t l  e t t O
T *  U t e  = c m  +  E. C ( . « - i
T hese  e q u a t i o n s  have  a  symtnetry i n  t im e  su ch  t h a t  i t  i s  o n ly  
n e c e s s a r y  t o  s o l v e  th e n  f o r  t  >  0 t o  o b t a i n  t h e  G - m a t r ix ,  w hich  i s  d e ­
f i n e d  by  £  (oo ) = £  £  (0)*  The S - m a t r i x  i s  th e n  g iv e n  by
C ^ ( * 0  t  £  C ( - * )  -  £ 6 c ( " * )  ( i i . i B )
A more d e t a i l e d  e x p l a n a t i o n  i s  g iv e n  i n  A ppendix  A.
In  o r d e r  t o  c o n s t r u c t  t h e  G -m a tr ix *  e q s .  (1 1 * 1 2 )  m ust be  s o lv e d
s u b j e c t  t o  two s e t s  o f  b o u n d a ry  c o n d i t i o n s .  The f i r s t  s e t  assum es t h a t
t h e  e l e c t r o n  i s  i n i t i a l l y  i n  a  bound s t a t e ,  i . e . ,
-  °  C0 ( , t - o )  = J_
( I I . l U )
C ^ C t t o ^  -  O




= ’C S ( E - E )
The d ev e lo p m en t  o f  t h e  fo r m a l i s m  s h a l l  be  c o m p le te d  s u b j e c t  t o  t h e  f i r s t  
s e t  o f  b o u n d a ry  c o n d i t i o n s  ( I I , l U ) ,  w i th  t h e  o t h e r  b o u n d a ry  c o n d i t i o n s  
(1 1 .1 5 )  b e i n g  c o n s i d e r e d  l a t e r .
20
We w i l l  show t h a t  F o u r ie r  t r  ana fo rm at io n  o f  th e  e q u a t i o n s  (11 ,12}  
l e a d s  t o  a  s u b s t a n t i a l  s i m p l i f i c a t i o n .  However, t h i s  muet he  done w i th  
c a r e :  i f  we were t o  u se  t h e  u s u a l  boundary c o n d i t i o n s  a t  - a  , th e n
th e  F o u r ie r  t r a n s f o r m  o f  t h e  c o e f f i c i e n t s  Crt( t )  o r  C ( t )  o v e r  t h e  e n t i r eU Ci
r e a l  a x i s  ( - »  £  t  £  ™ } would no t be w e ll  d e f i n e d ,  b ecau se  th e  c o e f f i ­
c i e n t s  go  to  c o n s t a n t s  aa  t  ^  + »  * A p ro p e r  t r e a tm e n t  u se s  a  F o u r ie r  
i n t e g r a l  over p o s i t i v e  t im e s  o n ly ,  v i t h  a complex v a lu e  o f  t h e  t r a n a f o r m  
v a r i a b l e  t o  en su re  c o n v erg en ce .  We d e f in e
C C O  -  ( i n  1 0 ^  \  c t O  < l t  ( 1 1 , 1 6 )
w here  £  i s  assumed t o  have a  sm all  p o s i t i v e  im a g in a ry  p a r t .  The co u p led  
e q u a t i o n s  in  £  -  s p a c e  a r e  then
-  '  ( S r i ' 1 -* t c . < °  + J J E
Crr.iT)
V °  + E.
w h ere ,  f o r  exam ple, VqQ[** ) i s  th e  o p e r a to r  o b ta in e d  by s u b s t i t u t i n g
fo r  t  i n  t h e  f u n c t io n  V ^ f t ) .
Assumption ( x i )  g iv e n  i n  t h e  p re c e d in g  s e c t i o n  d r a m a t i c a l l y
s i m p l i f i e s  th e se  e q u a t i o n s ;  i f  t h e  tim e  dependence  o f  V i s  n e g l e c t e d ,
EQ
* . £ - « *  f a  -  \ £ o  '
t h e n  t h e  problem r e d u c e s  t o  one o f  s o lv in g  a  l i n e a r  inhomogeneous o r d i n a r y  
d i f f e r e n t i a l  e q u a t i o n  and a  s e t  o f  a lg e b r a ic  e q u a t i o n s
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( i i . 1 6 )
L  f c ' i  -  e  *  6 < t t ]  W  =  -T  ( i } " 1 ( I I ,1 9  )
where
G fO  ' f J t  f i t )  £11 . ao)
J  c - E
D, D is c u s s io n
U sin g  th e  a s s u m p t io n s  g iv en  i n  s e c t i o n  B, we have  re d u c e d  t h e  
S c h ro e d in g e r  e q u a t io n  f o r  a  n e g a t i v e  i o n  c o l l i s i o n  f i r 3 t  t o  an ( i n t r a c t ­
a b l e  ) i n f i n i t e  s e t  o f  c o u p le d  d i f f e r e n t i a l  e q u a t i o n s ,  an d  th e n  t o  a 
s i n g l e  d i f f e r e n t i a l  e q u a t i o n  [ e q ,  (1 1 .1 9 ) 1  ^ d  a  s e t  o f  a l g e b r a i c  
e q u a t io n s  [e q .  ( I l . l f l ) ] .  These e q u a t i o n s  c an  b e  a n a ly s e d  and s o lv e d  by 
s t a n d a r d  t e c h n i q u e s .  It s h o u ld  be e m p h as ized  t h a t  t h e  a s s u m p t io n s  i n ­
v o lv e d  a r e  v e r y  g e n e r a l , and a r e  b e l i e v e d  t o  be  a p p l i c a b l e  t o  a  b ro a d  s e t  
o f  sy s te m s .  Of c o u rs e  t h e r e  w i l l  e x i s t  sy s tem s  f o r  w hich one o r  a n o t h e r  
o f  t h e  a s s u m p t io n s  w i l l  f a i l  t o  be v a l i d ,  b u t  p r o g r e s s  c an  b e s t  be  made 
by f i r s t  s o l v i n g  th e  p ro b lem  s u b j e c t  t o  t h e  above  a s s u m p t io n s  and  th e n  
r e l a x i n g  o r  m o d if y in g  them  as  n eed ed .
Carrying the problem to solution, i.e. obtaining electron de­
tachment cross sections, entails three basic steps from this point. First,
I I I .  PROPERTIES OF G(e)
A. I n t r o d u c t i o n
I n  o u r  developm ent we have  in t r o d u c e d  i n  e q .  ( 1 1 ,1 9 )  Cauchy 
i n t e g r a l ,  0 ( G )  eq. ( 1 1 .2 0 ) ,  whose c h a r a c t e r  embodies a l a r g e  p a r t  o f  t h e  
p h y s ic s  and  c h e m is t ry  in v o lv e d  i n  t h e  problem . A l l  o f  t h e  in fo rm a t io n  
r e g a r d in g  t h e  c o u p l in g  o f  t h e  d i s c r e t e  s t a t e  t o  t h e  continuum  i s  c o n ta in e d  
w i th in  t h i s  f u n c t io n .
I t  I s  p o s s i b l e  i n  p r i n c i p l e  to  make a  f u l l  ab i n i t i o  c a lc u ­
l a t i o n  o f  G( t )  f o r  s im p le  n e g a t i v e  Ion  sy s te m s .  However, t h i e  would he 
a  m ajor u n d e r t a k in g ,  and  s in c e  v i r t u a l l y  n o th in g  i s  known abou t t h i s  
f u n c t i o n ,  i t  i s  more u s e f u l  a t  p r e s e n t  t o  d e te rm in e  g e n e r a l  q u a l i t a t i v e  
f e a t u r e s  o f  G( £  ) by a n a l y s i s  o f  s im p le  m odels.
B e fo re  exam in ing  such  m o d e ls ,  l e t  us make a  few g e n e r a l  rem arks 
abou t G(£  ) .  ( i )  A lthough  G (£  ) i s  s i m i l a r  in  ap p ea ra n ce  t o  q u a n t i t i e s
t h a t  a r i s e  i n  s e c o n d -o rd e r  p e r t u h a t i o n  t h e o r y ,  no weak c o u p l in g  assum ption  
was made In  t h e  d e r i v a t i o n  o f  e q s ,  (1 1 .1 0 )  t o  ( 1 1 .2 0 ) .  Under t h e  assump­
t i o n s  l i s t e d  In  C h ap te r  I I ,  t h e s e  e q u a t io n s  must be v a l i d  Ind ep en d en t o f  
t h e  s t r e n g t h  o f  th e  c o u p l in g  be tw een  th e  d i s c r e t e  s t a t e  and th e  continuum , 
( i i )  The a t a t e a  ( ) were assumed t o  p ro v id e  a  d l a b n t l c  r e p r e s e n ­
t a t i o n  o f  t h e  c o l l i s i o n ;  in  g e n e r a l  we e x p e c t  t h a t  th e y  would v a ry  
somewhat w i th  i n t e r n u c l e a r  s e p a r a t i o n  R, and hence th ro u g h  th e  t r a j e c t o r y  
r e l a t i o n  R ( t}  t o  have a smooth i n t r i n s i c  t - d e p e n d e n c e . A more im p o r tan t
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th e  c o u p l in g  i n t e g r a l ,  g( £  ) [eq.. 11*2 0 ) 1  must h e  e v a lu a t e d  e i t h e r  
e x a c t l y  o r  a p p ro x im a te ly .  Second, an a p p r o p r i a t e  form f o r  V (t ) must 
be ch o een  and e q u a t io n  (11*19) solved e x a c t ly  o r  a p p ro x im a te ly .  F i n a l l y ,  
t h e  in v e r s e  F o u r ie r  t r a n s f o r m s  o f  the  expansion  c o e f f i c i e n t s
must be  c a l c u l a t e d  i n  o r d e r  t o  c o n s t r u c t  th e  G-ro&trix and o b t a in  t h e  
d e a i r e d  c ro s s  s e c t i o n s .
We have a l r e a d y  m entioned  t h a t  th e  work o f  Demkov p ro v id e d  some 
o f  t h e  id e a s  and  m o t iv a t io n  f o r  th e  above ap p ro ach . Demkov d is c o v e re d  
a  s p e c i a l  c a se  o f  t h e  t h e o r y  developed  above; in  e f f e c t  h e  assumed t h a t  
th e  en e rg y  d i f f e r e n c e  i s  a  l i n e a r  f u n c t io n  o f  t im e ,  an d  t h a t  th e  
t u r n i n g  p o in t  i s  w e l l  s e p a r a t e d  from th e  re g io n  o f  c o u p l in g .  The m athe­
m a t i c a l  te c h n iq u e  was a l s o  somewhat d i f f e r e n t ,  i n  t h a t  he  used  an  i n t e g r a l  
r e p r e s e n t a t i o n  v i t h  a  c o n to u r  chosen to  e l i m i n a t e  any " s u r f a c e "  o r  
"inhom ogeneous" te rm s .  The l i n e a r  assum ption  re d u c es  ( 1 1 .1 9 )  t o  a  f i r s t -  
o r d e r  d i f f e r e n t i a l  e q u a t i o n ,  which haa an im m edia te  s o l u t i o n  ( c o n s id e r e d  
in C h a p te r  TV). However, i t  does not g iv e  a  p r o p e r  t r e a tm e n t  o f  t u r n i n g  
p o in t  o r  th r e s h o ld  e f f e c t s ;  t h e s e  can be  d e s c r ib e d  us in g  t h e  more g e n e r a l  
developm ent p r e s e n te d  i n  t h i s  t h e s i s .
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B and t  dependence a r i s e s  from  the  p o t e n t i a l  energy  te rm  In  V : r e f e r -£0
r i n g  back th rough  e q s ,  [ I T .1 1 )  and (1 1 .7 )  t o  eq. ( 1 1 . 5 ) ,  and r e c o g n iz in g  
t h a t  th e  p o t e n t i a l  energy te rm  In h depends upon th e  i n t e r n u c l e a r  d i s ­
ta n c e ,  ve see  t h a t  i n  g e n e r a l  G( £ ) would a l s o  depend upon H o r  t ,
However, In  assum ption  ( x i )  o f  C h ap te r  I I  t h i s  tim e dependence  was 
n e g le c te d , and fo r  c o n s i s t e n c y  we m ust a l s o  n e g le c t  i t  h e r e .  ( H i )  C e r ta in  
p r o p e r t i e s  o f  G( £  ) fo llow  d i r e c t l y  from t h e  form o f  eq .  ( 1 1 .2 0 ) .  G[ € ) 
must be r e a l  fo r  £ < o  f and i t  i s  s i n g l e  v a lu e d  in  t h e  complex £  - p la n e  
w ith  a cu t a long  th e  r e a l  a x i s  f o r  £ > o  , I t  has a  d i s c o n t i n u i t y  
a c ro s s  t h i s  c u t ,  and I t s  s l o p e  i s  d i s c o n t in u o u s  a t  t h e  e n d p o in t  o f  t h e  
i n t e g r a t i o n ,  £ = 0 .  The im ag inary  p a r t  o f  G(6 ) i s  e q u a l  t o
I * .  G U t  = - ' " ' V U V s ,> F f t '>  ( m . i )
bu t t h e  r e a l  p a r t  cannot he  e v a lu a te d  so  e a s i l y .  These  a r e  g e n e r a l
p r o p e r t i e s  o f  such C auchy-type  i n t e g r a l s .
In  o rd e r  t o  o b ta in  more d e t a i l e d  and a t  l e a s t  s e m i - q u a n t i t a t i v e
in fo rm a t io n  about G( £  ), l e t  ues c o n s id e r  t h e  models t h a t  may be used  t o
c a l c u l a t e  G ( £ ) .  The m ajor s i m p l i f i c a t i o n  I s  t o  re d u c e  t h e  e l e c t r o n i c
q 2 2 -2 ^  SIproblem t o  p o t e n t i a l  s c a t t e r i n g .  f That i s ,  ve  assume t h a t  th e
e l e c t r o n i c  wave fu n c t io n s  ( } a re  ap p ro x im a ted  by th o s e  o f  a  s i n g l e
e l e c t r o n  moving in  a f i e l d  a r i s i n g  from  t h e  a t t r a c t i v e  fo r c e  o f  t h e  n u c le i  
and th e  c o l l e c t i v e  r e p u l s iv e  f o r c e s  o f  a l l  o f  the  o t h e r  e l e c t r o n s .
W ithin th e  c l a s s  o f  p o t e n t i a l  s c a t t e r i n g  models t h e r e  a r e  s im p le  one­
d im en s io n a l models and more c o m p lic a te d  t h r e e - d im e n s io n a l  m ode ls .  The
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o n e -d im e n s io n a l  models a r e  o f  tv o  ty p e s  -  th o s e  w i th  a h a r r i e r  to  h in d e r  
th e  e sc a p e  o f  t h e  e l e c t r o n  and th o s e  w i th o u t  such a  b a r r i e r .  F ig .  I I I - l  
shows th e  h i e r a r c h y  o f  models ra n g in g  from most complex a t  th e  to p  to  
most s im p le  a t  th e  bo ttom . We have chosen  t o  do o u r  p r e l im in a r y  i n v e s ­
t i g a t i o n  o f  t h e  e o o e n t i o l  c h a r a c t e r i s t i c s  o f  t h e  f u n c t i o n ,  G (£  }, by 
a n a ly z in g  t h e  s im p le s t  o n e -d im e n s io n a l  model,
B, Square  W ell Model
The s im p le s t  s i n g l e  e l e c t r o n  wave fu n c t io n s  ( ) can
be ap p ro x im a ted  by s o lv in g  th e  S c h ro e d in g e r  e q u a t io n  f o r  a  p a r t i c l e  i n  
a sq u a re  w e l l  c a p a b le  o f  s u p p o r t in g  a s i n g l e  bound s t a t e  (F ig ,  I I I - 2 ) .  
The c o o r d in a t e  r  as u s u a l  r e p r e s e n t s  t h e  d i s t a n c e  from th e  e e n t e r - o f -  
tnass o f  t h e  n u c l e i  t o  t h e  e l e c t r o n .  The n o rm a liz e d  f Jt = 0 )  bound 
s t a t e  wave fu n c t io n  i s
1 k * ir O < r *  r#
+**■ ( I I I . 2a )
where
( I I I . 2 b )
The continuum  wave f u n c t io n s  a r e  n o rm a l iz e d  in  a box o f  l e n g th  L which 
w i l l  l a t e r  be tak en  t o  i n f i n i t y ;  th e  b oundary  c o n d i t io n s  a r e
( I I I . 3)
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One  - dinensional  
n o d  e Is
Thnte- Jinensional
m o d e  ( 5
Ful l  
a f c  L ^ j> l q
ca l e u  la t  i or t
Multi e l e c t  rorv 
n o d e  I s
(uitk correlation.) O n e - e l e c t  rorv nodels  
( p o t e n t i a l  s c a t t e r i n g )
F I G U R E  T U M  LEVELS OF COMPLEXITY  
X N  T H E  CALCULATION OF G (e )
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Vo -  . 4 1 . 7 1  a . u ,  
r e = i . o  c ,0
EIGUR.E H I -2- S Q U A R E  WELL MODEL
L
2a
The n o rm a liz e d  wave f u n c t io n s  a r e  t h e n
( n i V  ‘ " ' ' v
where
(III.5)
For t h i s  o n e -d im e n s io n a l  model t h e  d e n s i t y  o f  s t a t e s  found "by a p p ly in g  
t h e  boundary  c o n d i t i o n s  a t  r  = L ia  t h e  same as  t h a t  f o r  a f r e e  p a r t i c l e  
{ see  Appendix B ),
The3e s im p le  wave f u n c t i o n s ,  e q s .  (1 1 1 ,2 )  and {111 ,10 , can be  
u sed  t o  c a l c u l a t e  t h e  m a t r ix  e lem en ts  needed  t o  e v a lu a t e  t h e  c o u p l in g  
i n t e g r a l .  The energy  dependence  o f  t h e  m a t r ix  e lem en ts  can be a s s e s s e d  
by a p p ro x im a t in g  t h e  c o u p l in g  p o t e n t i a l  by a  c o n s t a n t ,  f o r  0 £  r £  r  , 
The m a t r ix  e lem en ts  c o u p l in g  t h e  d i s c r e t e  s t a t e  to  t h e  continuum s t a t e s  
a r e  th e n
( I I I . 6)
= *v. t_w.
CUAN'i'1- h i  -  h '
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So t h e  i n t e g r a l ,  G{ £  ) , i s
f£  + Va
( i n , a )
w here
T h i s  i n t e g r a l  c an  b e  e v a lu a te d  e i t h e r  n u m e r i c a l l y  o r  a n a l y t i c a l l y .
The r e s u l t s  o f  a  n u m e r i c a l  i n t e g r a t i o n  a r e  shown i n  F ig .  I I I - 3 ,  A n a l y t i c a l
e v a l u a t i o n  o f  t h i s  i n t e g r a l  may be acco m p liah ed  u s in g  c o n t o u r  i n t e g r a t i o n
by n o t i n g  t h a t  t h e  i n t e g r a n d  h a s  a b ranch  p o i n t  a t  E = 0 ,  and  s im p le
p o le s  a t  E = E ‘ & , E w here  O’ n
i n  f a c t  a n a l y t i c  a t  E = - V ^ . The i n t e g r a l  i s  t o  be e v a l u a t e d  a lo n g  t h e  
l i n e  A from  z e r o  t o  i n f i n i t y  J u s t  above t h e  c u t  ( F ig .  I l l - k ) ,  S t a n d a r d  
complex a n a l y s i s  shows ( i )  t h a t  t h e  i n t e g r a l  a lo n g  A e q u a l s  t h e  i n t e g r a l  
in  t h e  o p p o s i t e  d i r e c t i o n  a lo n g  C, and ( i i )  t h a t  t h e  i n t e g r a l  a lo n g  B 
v a n is h e s  i f  t h e  r a d i u s  o f  t h i s  c o n to u r  i s  t a k e n  t o  be i n f i n i t e l y  l a r g e .  
Hence t h e  i n t e g r a l  a lo n g  t h e  l i n e  A I s  J u s t  h a l f  t h e  i n t e g r a l  a round  t h e  
c o n to u r  ABC, T h is  c o n t o u r  c an  b e  d i s t o r t e d  s o  t h a t  i t  e n c i r c l e s  e a c h  o f  
t h e  p o le s  * p e r m i t t i n g  e v a l u a t i o n  by C auchy 's  r e s i d u e  th e o r e m .  The r e ­
s u l t i n g  e x a c t  form f o r  G (6  ) i s
( m . i a )
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G t O  = G . U 1) - l £ < £ > ( I I I .  1 1 )
z
x f 1 l  \ ft I ( t )  ( i i r . 1 2 )
i t  t4 w  ^  /
vhere
X < 0 *  ~ £ . 1L L l a ) 1 - n r R t f i l  " TT* e,1' 1 c  f £ \  ( I I I .  1 3 )™  j ^  i _ \ l  P
c =
o  -
t  &‘m  z h ^  -  
i t  t e ; * v i
- L  f iW ^ r; -  LJHL*;1 V a m  1 ^ , 0  
z-fe-ii; * V  *
( I I I .  11+)
( I I I . 1 5 )
and
Ri o = Z . I"I (  !< tinV^ CO IV... - [e1+\Q e .t  y .f . tinh«J  ( ( m . i 6 )
■*' I  D* l * - £ „ U ^ - W  J
D* -  1  ^  s i n . i k ltl^  ( i i i . l t )
*  I k , *
S f t ^  = ( i n .  i s )
£  + V* COS1
I n  e q .  ( I I I .  13 )  t h e  f i r s t  t e r m  comes from t h e  c o n t r i b u t i o n  o f  t h e  p o l e  
a t  f t h e  l a s t  t e r m  names f ro m  t h e  c o n t r i b u t i o n  o f  t h e  p o l e  a t  £ , a n d  
R ( £  ) c o n ta i n s  t h e  c o n t r i b u t i o n s  from th e  p o l e s  a t  E^. T h is  e x a c t  form  
f o r  G( £  ) t h e r e f o r e  r e q u i r e s  t h e  l o c a t i o n  o f  an  i n f i n i t e  number o f  p o l e s  
th r o u g h  t h e  s o l u t i o n  t o  e q .  ( i l l . 10) and sum m ation  o v e r  t h e s e  p o l e s t 
e q .  T h e s e  p o le s  a r e  j u s t  t h e  ( S i e e c r t )  p o le s  o f  t h e  S - m a t r i x
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f o r  a  s q u a re  v e i l .  The r e  s u i t  a o f  a  1 - p o le  a n d  1 0 - p o le  t r u n c a t i o n  o f  
t h e  sum a r e  shown In  Fig* I T I - 3  f o r  t h e  r e a l  p a r t  o f  l £ E  )■ The 
im a g in a ry  p a r t  o f  l ( £  ) i s  shown i n  F ig ,  The 1 - p o le  a p p r o x i ­
m a tion  re p ro d u c e s  t h e  shape  o f  t h e  n u m e r i c a l l y  d e te r m in e d  i n t e g r a l ,  
how ever, i t  1b q u i t e  i n a c c u r a t e .  By i n c l u d i n g  t e n  p o le s  In  t h e  summa­
t i o n  t h e  r e s u l t s  o f  t h e  a n a l y t i c a l  i n t e g r a t i o n  and  th e  n u m e r ic a l  i n t e ­
g r a t i o n  a g re e  t o  w i th in  a  c o n s t a n t  d i f f e r e n c e *
The r e a l  p a r t  o f  5 ( £  ) b eh av e s  In  a  f a s h i o n  c h a r a c t e r i s t i c  
Of Cauchy i n t e g r a l s , ^  a s  m en tio n e d  e a r l i e r .  S in c e  p L ttlN & tl1' i s  
b o th  bounded and i n t e g r a b l e  o v e r  t h e  i n t e r v a l  ] ,  t h e  a s y m p to t i c
b e h a v io r  o f  CrR( £  ) i s  a s  ' / ( E l  Tor l a r g e  . A lso  GR{ £  ) e x h i b i t s
a  d i s c o n t i n u i t y  in  a  a lo p e  a t  t h e  e n d p o i n t ,  £  a  0 .
In  F ig u re  I I I - 3  we a l s o  s e e  t h a t  G { £  ) h a s  f a i r l y  l o n g -H
w av e len g th  o s c i l l a t i o n s  a b o u t  a  s lo w ly  v a r y in g  av e rag e *  T h e se  a r i s e  
from t h e  o s c i l l a t i o n s  o f  and  i n  p a r t i c u l a r  from t h e  d e c r e a s i n g
w a v e le n g th  o f  t h e s e  o a c i l l a t i o n s  w i th  i n c r e a s i n g  E* Such o s c i l l a t i o n s  
a r e  a l s o  p ro b a b ly  q u i t e  g e n e r a l , b u t  b e c a u s e  o f  t h e i r  l a r g e  w a v e le n g th  
in  £  th e y  m igh t n o t  l e a d  t o  any  o b s e r v a b le  e f f e c t s .
T u rn in g  t o  t h e  im a g in a ry  p a r t  o f  G t t  J , v e  f i n d  t h a t  T t o
v a n is h e s  f o r  £  { O  and i s  a  c o n t in u o u s  p o s i t i v e  f u n c t i o n  f o r  £  > o
32For a  w eakly  bound a-w ave e l e c t r o n , t h e  W igner T h r e s h o ld  Lav s t a t e s
£  t C j  *  £ ^  £  O ( I I I .  19)










t h e  t h r e s h o l d  b e h a v i o r  i s  c o r r e c t  t o  v i t h i n  1 0 f  up t o  £. i ,  .01 ,
m odel*  eq* [ 1 . 2 ) .  I n  C h a p te r  IV w here v e  d e r i v e  t h e  fo rm u la e  o f  t h e  
l o c a l - c o m p l e x - p o t e n t i a l  m odel a s  an a p p ro x Im a t io n  t o  t h e  f u l l  s o l u t i o n
U, A n a l y t i c  A p p ro x im a t io n
The e x a c t  form f o r  l ( £ ) ,  eq* f 1 1 1 * 1 2 ) ,  i s  u n n e c e s s a r i l y  com­
p l i c a t e d  f o r  t h e  p u r p o s e  o f  t h i s  t h e s i s .  To f a c i l i t a t e  t h e  n u m e r i c a l  
a n a l y s i s  r e q u i r e d  i n  t h i s  p ro b lem  we have c h o se n  a  s i m p l e r  form  w h ich  
r e p r o d u c e s  t h e  e s s e n t i a l  f e a t u r e s  o f  t h e  m ode l:
T h i3  a p p ro x im a te  fo rm  i s  com pared  t o  t h e  e x a c t  form In  F i g s ,  1 1 1 -6  an d  
I I I - T ; we see  t h a t  i t  a d e q u a t e l y  f i t s  t h e  g e n e r a l  b e h a v i o r  o f  t h e  e x a c t  
fo rm .
r c o  a l s o  h a s  s m a l l  lo n g -w a v e le n g th  o s c i l l a t i o n s  a b o u t  a  s lo w ly  
v a r y i n g  a v e r a g e ,  b u t  does n o t  change  s i g n .  A s y m p t o t i c a l l y ,  a t
The b e h a v io r  o f  X ' l t ' l  — " l l m  G t O
i s  a n a lo g o u s  t o  t h e  b e h a v i o r  o f  .C (ft) In  t h e  l o c a l - c o m p l e x - p o t e n t i a l
t o  e q .  ( 1 1 . 1 9 ) we f i n d  t h a t  t h e  e q u iv a l e n c e  b e tw een  . F  (ft) i n  e q .  ( 1 , 2 )  
a n d  f c o  in  e q .  ( 1 1 1 ,1 1 )  i s  made e x p l i c i t *
£  > o
( I I I . 20)
D. D i s c u s s i o n
U sing  a  o n e - d im e n s i o n a l  p o t e n t i a l - s c a t t e r i n g  m o d e l ,  we hav e  o b ­















































I t  i s  i m p o r t a n t  t o  d i s t i n g u i s h  betw een t h e  a s s u m p t io n s  g iv e n  i n  C h a p t e r  I I ,  
which l e a d  t o  t h e  b a s i c  e q u a t i o n s  o f  th e  t h e o r y  ( H , l B )  t o  ( I I . 2 G ) *  and 
th e  a s s u m p t io n s  u sed  h e r e  t o  o b t a i n  G{ £ ) .  The fo rm e r  a s s u m p t io n s  a r e  
to  be t a k e n  q u i t e  s e r i o u s l y ,  b e c a u s e  th e y  a r e  t h e  f o u n d a t io n  on w h ich  
th e  t h e o r y  i s  b u i l t .  T he  a s su m p tio n s  u sed  i n  t h i s  c h a p t e r  (o n e -  
d im e n s io n a l  p o t e n t i a l - s c a t t e r i n g  on a s q u a re  w e l l  w i t h  no b a r r i e r )  a r e  
no t to  be t a k e n  q u i t e  s o  s e r i o u s l y ;  th e y  a r e  u sed  t o  p r o v id e  g e n e r a l  
in  fo rm at io n  a b o u t  t h e  b e h a v i o r  o f  □ { £ } .  E v e ry  i n d i v i d u a l  s y s te m  w i l l  
have i t s  own G[ € ) f u n c t i o n  which a t  th e  moment can o n ly  b e  d e te r m in e d  
by f i t t i n g  t h e o r y  t o  e x p e r im e n t s .  The fo r m u la s  g iv e n  i n  t h i s  c h a p t e r  
p ro v id e  a  u s e f u l  s t a r t i n g  p o in t  f o r  a f i t t i n g  p ro c e d u re *
IV, LINEAR APPROXIMATION AND THE REDUCTION TO 
THE LOCAL-COMPLEX-POTENTIAL MODEL
A, I n t r o d u c t i o n
The p u rp o s e  o f  t h i s  c h a p te r  i s  t o  p r e s e n t  a  d e r i v a t i o n  o f  t h e  
r e s u l t s  o f  t h e  l o c a l - c o m p l e x - p o t e n t i a l  model w i th in  t h e  c o n te x t  o f  t h e  
p r e s e n t  d ev e lo p m en t.  In  a d d i t i o n  t o  a s s u m p t io n s  ( i )  th r o u g h  ( x i )  o u t ­
l i n e d  i n  C h ap te r  I I  we f in d  t h a t  t h e  d e r i v a t i o n  can  b e  co m p le ted  by 
assum ing  t h a t  t h e  p o t e n t i a l  d i f f e r e n c e ,  [^9* ( 1 1 .1 9 ) 1 ,  can  be
a p p ro x im a te d  by a  l i n e a r  f u n c t i o n  o f  t i m e ,  and  t h a t  t h e  t u r n i n g  p o i n t  
i s  s u f f i c i e n t l y  f a r  removed from t h e  r e g i o n  o f  c o u p l in g  i n  w hich  G (£  ) 
changes  s i g n i f i c a n t l y .  Over a  s m a l l  ra n g e  o f  R, p r a c t i c a l l y  any 
r e a s o n a b l e  d ia b & t ic  p o t e n t i a l  cu rv e  can be  a p p ro x im a te d  by  a  l i n e a r  
f u n c t io n  o f  ft; t h e n  V ^ t t )  i s  a l s o  a  l i n e a r  f u n c t io n  i f  t h e  r a d i a l  
v e l o c i t y  i s  c o n s t a n t .  The e f f e c t  o f  t h e  l i n e a r  a p p ro x im a t io n  ( c o n s t a n t  
r a d i a l  v e l o c i t y  a s s u m p t io n )  i s  t o  r e d u c e  eq .  (1 1 .1 9 )  t o  a  f i r s t  o r d e r  
d i f f e r e n t i a l  e q u a t i o n .  T h is  has  an  e x a c t  s o l u t i o n  t h a t  i s  e a s i l y  o b ­
t a i n e d .  The c o n d i t i o n  on t h e  t u r n i n g  p o i n t  p e rm i ts  s t a t i o n a r y  p h a se  
e v a l u a t i o n  o f  t h e  i n v e r s e  F o u r i e r  t r a n s f o r m ,  l e a d i n g  f i n a l l y  t o  th e  
c o m p le x - p o te n t i a l  f o r m u l a s .
25T h is  r e s u l t  was f i r s t  e s t a b l i s h e d  by Derakov, and t h e  p r e s e n t  
developm ent d i f f e r s  from  h i s  o n ly  i n  c e r t a i n  r e l a t i v e l y  u n im p o r ta n t  
d e t a i l s .
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B. D e r i v a t i o n
L e t  us  now a p p ro x im a te  t h e  p o t e n t i a l  d i f f e r e n c e  VQ0( t )  by  a 
l i n e a r l y  d e c r e a s i n g  f u n c t i o n  o f  t im e  f o r  t  > G:
\£, (t\ = trv.i)
T h is  a p p r o x im a t io n  r e d u c e s  e q ,  [1 1 ,1 ? }  t o  a  f i r s t  o r d e r  l i n e a r  inhom o- 
g en eo u s  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n ,
1 ? ^ )  < I V - 2 )
The f u l l  B o lu t io n  t o  eq .  ( I V , 2 )  c an  be o b t a i n e d  im m e d ia te ly  and e x p r e s s e d  
a s  a  sum o f  a  s o l u t i o n  t o  t h e  homogeneous o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n , 
CQH( fi ) t  ^nd  a  p a r t i c u l a r  s o l u t i o n  t o  t h e  inhom ogeneous e q u a t i o n  C ^ { € ) :
c * m  -  CgH( ^  + C „ t € l  ( IV ,3)
=■ ®*P I ’-J J  | k - j d e  IV,it)
The n o r m a l i z a t i o n  c o n s t a n t ,  K, i s  d e te r m in e d  by  th e  c o n d i t i o n  t h a t  
q  { . £ - * * ) —1* O  . T h u s ,  t h e  n o rm a l iz e d  s o l u t i o n  I s
O'
F
- L ( j “^ t - G w ' a J c * j  < U ' « p j t e  - V G(e:51 d£' 'j  ( i v .5)
k l
The p r o b a b i l i t y  o f  s u rv iv a l  o f  t h e  n e g a t i v e  ion*  i . e . ,  t h e  
p r o b a b i l i t y  t h a t  th e  i n i t i a l l y  hound e l e c t r o n  rem a in s  bound, i s  g iv e n  
by
P  “  U  [ I V ,63
a  o
and th e  p r o b a b i l i t y  d e n s i t y  for e l e c t r o n  de tachm ent I n t o  continuum  s t a t e s  
Of energy C lo se  t o  E i s
.1^  = \ (iv.7)
The c o e f f i c i e n t s ,  C ^ ( t )  an d  C ^ f t) ,  a re  d e f in e d  by th e  in v e r s e  F o u r i e r  
t ransfo rm *  eq .  ( I I . ? l ) .
To o b t a i n  t h e  s u r v i v a l  p r o b a b i l i t y *  we use  e q .  ( IV .5 )  i n  
e q .  ( n . 2 1 ) ,  g iv in g
-  e
|  <jc e*p I ' l  + Ft£) dv,8}
-OO *
where
"  • I*
Fee*!' \ Jt1 J C£ ' V Gtt {IV*9)
t  a J
For la rg e  t  t h e  e x p o n e n t i a l  fa c to r  in  e q .  (IV .B) i s  r a p i d l y  o s c i l l a t o r y  
and th e  i n t e g r a l  can b e  e v a lu a te d  by t h e  s t a t i o n a r y  p h ase  method 
[Appendix C ). The s t a t i o n a r y  phase p o i n t  s a t i s f i e s  th e  e q u a t io n
£  -  E  - i f t  ♦ G t e  \  
^  • *
[ I V . 10)
k2
and for large t ,  since G( €, ) —*■ 0 for 6 *■ < © we have
(iv, 11)
■* °
In t h i s  r e g io n  F[ €, ) a p p ro a c h e s  a  c o n s ta n t*  E v a lu a t io n  o f  t h e  i n t e g r a l  
in  e q .  ( I V ,5) g iv e s
C*ttW U*V)le  e * p ^  <tej (iv.12)
C a r e f u l  s tu d y  shows t h a t  w h i le  t h e  s t a t i o n a r y  p h a se  r e s u l t  i s  a p p ro x im a te  
f o r  any  f i n i t e  t ,  i t  becomes ex a c t  i n  t h e  l i m i t  o f  t  -¥  «o * A c c o rd in g ly  
eq. (IV , 12) w i l l  g i v e  an  e x a c t  e v a l u a t i o n  o f  t h e  s u r v i v a l  p r o b a b i l i t y  f o r  
t h i s  m odel.
The s t a t i o n a r y  p h a se  m ethod  can a g a i n  b e  a p p l i e d  In  e v a l u a t i n g  
F{ E^“ )* Th® s t a t i o n a r y  p h a se  p o i n t  s a t i s f i e s
E . - 6 t y  ( I V . 1 3 )
and a ssu m in g  0( C ) 0 a s  £  ^  w  , we h av e  6 ^  = in  t h e  l i m i t
l a r g e  EQl E v a lu a t io n  o f  eq ,  ( I V , 9) t h e n  g i v e s
o f
e u p j i  j d t - E - G c t O  j c j (IV. Ill)
Again & c a r e f u l  e x a m in a t io n  shows t h a t  t h i s  becom es e x a c t  i n  t h e  l i m i t  
o f  l a r g e  Eq .
Combining e q ,  ( I V .12) a n d  e q .  ( I V .1 3 )  we o b t a i n
1+3
a n d
Ps = e x p  J C t t f  ( i v , 1 6 )
s i n c e  G( 6  ) i s  r e a l  f o r  ■£ <■ *> „ T h is  can "be c o n v e r t e d  i n t o  a  more
f a m i l i a r  form  by f i r s t  c h a n g in g  t h e  dunony v a r i a b l e  £  t o  VQ0» and th e n  
c h a n g in g  t o  t im e  u s i n g  e q ,  ( I V , 1 ) ,  Then
*D
P& = e x p  ^  -  j  C ( t l d t  j  (iv.it)
Thus we hav e  d e r i v e d  t h e  c l a s s i c a l  l o c a l - c o m p l e x - p o t e n t i a l  fo rm u la  f o r  
t h e  s u r v i v a l  p r o b a b i l i t y .  T h is  shows a l s o  t h a t  £(C d s  - l T w  G(C) i s  
t o  b e  I n t e r p r e t e d  a s  t h e  p o s t u l a t e d  w id th  £  (R) o f  t h e  quaBibound
s t a t e  in  t h e  com plex p o t e n t i a l  m o d e l ,
A s i m i l a r  a n a l y s i s ,  g iv e n  i n  A ppendix  D, shows t h a t  F-, i& a l s oPi
g iv e n  by t h e  a p p r o p r i a t e  c o m p l e x - p o t e n t i a l - f o r m u l a  u n d e r  t h e  sane  assum p­
t i o n s  ,
C, D i s c u s s i o n
In  t h i s  c h a p t e r  we h av e  d e r i v e d  t h e  r e s u l t s  o f  t h e  lo c a l -c o m p le x -  
p o t e n t i a l  model and  o u t l i n e d  c o n d i t i o n s  f o r  w hich t h e s e  r e s u l t s  a r e  v a l i d :  
( i )  t h r o u g h  ( x l )  a r e  t h e  a s s u m p t io n s  p r e s e n t e d  in  C h a p te r  I I  e s t a b l i s h i n g  
t h e  f o u n d a t i o n  o f  t h e  t h e o r y ,  ( x i i )  l i n e a r  p o t e n t i a l  d i f f e r e n c e  and
c o n s ta n t  r a d i a l  v e l o c i t y ,  and ( x i i i )  the  t u r n i n g  p o in t  and c r o s s i n g  p o i n t  
a r e  w e l l  s e p a r a t e d ,  Demkov a r r i v e d  a t e s s e n t i a l l y  th e  same r e s u l t s  as
t h e s e  r e s u l t s  was n o t  as p r e c i s e  a s  lo g iv en  h e r e ) .
We can see  now t h a t  t h e  assum ptions  used  t o  d e r iv e  t h e  l o r a l -  
c o m p le x - p o te n t i a l  fo rm ulas  a re  p r a c t i c a l l y  t h e  same as  th o s e  in v o lv e d  
in  t h e  Landau-Zener fo rm u la .  The d e r iv a t io n  o f  t h e  l a t t e r  a l s o  In v o lv e s  
c l a s s i c a l  t r a j e c t o r y  a s s u m p t io n s , a  d l a b a t i e  fram ew ork, l i n e a r  p o t e n t i a l  
d i f f e r e n c e ,  and  t im e - in d e p e n d e n t  cou p lin g . However, th e  L andau-Z ener  
fo rm u la  a p p l i e s  t o  t h e  c r o s s in g  o f  two d i s c r e t e  c u r v e s ,  w here  t h e  com plex- 
p o t e n t i a l  model fo rm ula  a p p l i e s  t o  the  c r o s s i n g  o f  a  d i s c r e t e  c u r v e  w i th  
a  continuum.
t h e  l o c a l - c o m p le x - p o te n t i a l  fo rm u la  con he d i s p l a y e d  even more e x p l i c i t l y .  
F o r  a  s in g le  d i s c r e t e  curve  c r o s s i n g ,  th e  p r o b a b i l i t y  t h a t  t h e  sy s tem  
w i l l  s ta y  in  t h e  o r i g i n a l  s t a t e  i n  th e  d i a b a t i e  r e p r e s e n t a t i o n  i s  g iv en  by
How assume t h a t  t h e  energy  o f  s t a t e  0 c r o s s e s  a  lo n g  s e r i e s  o f  p a r a l l e l  
c u r v e s ,  aa in  F ig ,  IV, 1, W ithout lo s s  o f  g e n e r a l i t y ,  by u se  o f  t h e
above (though h i s  s ta te m e n t  o f  t h e  assum ptions  n e c e s s a ry  to  a r r i v e  a t
The i n t i m a t e  r e l a t i o n s h i p  between t h e  Londau-Zener fo rm u la  and
w here V la  t h e  c o u p l in g  betw een th e  s t a t e s , and  F, a r e  t h e  f o r c e s
p h ase  t  rang fo r m a t  ion  (1 1 ,1 0 )  we can  assume F 0 f o r  J ^ 0 .  Then th e
p r o b a b i l i t y  o f  s u r v i v a l  on th e  d i a b a t i c  s t a t e  i3
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In  t h e  l i m i t  t h a t  t h e  s e r i e s  o f  p a r a l l e l  c u rv e s  becomes v e ry  d e n s e , we 
can t a k e
p* z exp i  ; - t f .  i  ^  f £ei Je]
( I V . 20)
= “ P {  "?
w here
r t E l  E n r  ^ 4 t  p t O  ( I V . a i )
a s  I n  eq .  ( I I I . 1 )  and  V -  tfcirF^ = a3 e{5-‘ ( * ^ . 1 ) .  Thus t h e
c o m p l e x - p o t e n t i a l  fo rm u la  a r i s e s  f ro m  a  p r o d u c t  o f  L a n d au -Z en e r  f a c t o r s ,  
(The d e v e lo p m en t  g iv e n  by Demkov and  In  t h i s  c h a p t e r  a l s o  shows t h a t  
i t  i s  n o t  n e c e s s a r y  t h a t  t h e  c r o s s i n g s  be  w e l l  s e p a r a t e d  f o r  t h e  p r o d u c t  
f o r m u la ,  eq .  ( I V . 19) t o  a p p l y ) .
Now I t  i s  c l e a r  t h a t  t h e s e  fo r m u la s  w i l l  b r e a k  down In  t h e  
v i c i n i t y  o f  t h e  t u r n i n g  p o i n t ,  w here  t h e  c o n s t a n t - r a d i a l - v e l o c i t y  a p p r o x i ­
m a t io n  i s  n o t  v a l i d .  I n  t h e  n e x t  c h a p t e r ,  u s i n g  an  a p p r o x im a t io n  c o r r e s ­
p o n d in g  t o  c o n s t a n t  a c c e l e r a t i o n ,  we o b t a i n  a  more a c c u r a t e  model t h a t  
can a l s o  d e s c r i b e  t u r n i n g  p o i n t  phenom ena.
V. QUADRATIC APPROXIMATION AND 
NEW FORMULAS FOR THE ti-MATRIX
H av ing  shown i n  t h e  p re v io u s  c h a p t e r  t h a t  t h e  l i n e a r  a p p ro x im a ­
t i o n  t o  VQ01 1 ) l e a d s  t o  t h e  fo rm ulas  o f  t h e  l o c a l - c o m p l e x - p o t e n t i a l  m o d e l ,  
v e  now make t h e  o b v io u s  im provem ent upon t h a t  a p p r o x im a t io n ;  v e  assum e 
t h a t  Vqq( 0  i s  a q u a d r a t i c  f u n c t io n  o f  t i m e .  I t  fo l lo w s  t h a t  e q .  
becomes a  s e c o n d - o r d e r  d i f f e r e n t i a l  e q u a t i o n .  E x a c t  a n a l y t i c  B o lu t io a  
t o  t h i s  e q u a t i o n  i s  n o t  p o s s i b l e ,  bu t t h r o u g h  a  c o m b in a t io n  o f  a n a l y t i c a l  
and n u m e r ic a l  work we o b t a i n  a  good a p p ro x im a te  s o l u t i o n .  T h e n ,  a s  b e ­
f o r e ,  i n v e r s e  F o u r i e r  t r a n s f o r m a t i o n  l e a d s  t o  t h e  a m p l i tu d e s  f o r  e l e c t r o n  
d e tachm en t o r  s u r v i v a l  o f  t h e  n e g a t i v e - i o n ;  i . e .  i t  g iv e s  t h e  f i r s t  
column o f  t h e  G -m a tr ix .  S i m i l a r  a n a l y s i s  f o r  t h e  a l t e r n a t i v e  b o u n d a ry  
c o n d i t i o n s  o f  eq .  ( I I . l ? )  g iv e s  t h e  r e s t  o f  t h e  G - m a t r ix ,  a n d  from  t h i s ,  
t h e ' j ' - m a t r i x  1 h o b t a i n e d .
Q u a d r a t i c  t i m e  dependence  o f  V0(J( t )  f o l lo w s  from  q u a d r a t i c  H- 
dependence  o f  t h e  n e g a t ± v e - i o n  and n e u t r a l  p o t e n t i a l  c u r v e s ,  and a  c o n s t a n t  
a c c e l e r a t i o n  a p p r o x im a t io n .  O bviously  a  q u a d r a t i c  a p p r o x im a t io n  c an  be 
v a l i d  o v e r  a  somewhat l a r g e r  ra n g e  th a n  a  l i n e a r  a p p r o x i m a t i o n ,  b u t ,  more 
i m p o r t a n t ,  i t  can a c c o u n t  f o r  t u r n i n g - p o i n t  phenom ena, w h ic h  c a n n o t  be  
d e s c r ib e d  u s i n g  a  l i n e a r  a p p ro x im a t io n .
W hile  t h e  ab o v e  s k e t c h  g iv e s  t h e  e s s e n t i a l  i d e a s ,  t h e  im plem en­
t a t i o n  o f  t h e s e  i d e a s  i s  a  e u b a t a n t i a l  p r o j e c t ,  a s  t h e  f o l l o w i n g  p a g es  
w i l l  show,
k?
1+8
A. S o lu t io n  to  Eq. (11*19) w ith  t h e  Q u a d ra t ic  A p p ro x im a tio n
L e t  us w r i t e  t h e  q u a d r a t i c  a p p r o x im a t io n  t o  V ^ t t )  i n  t h e  fo rm
V ^ l t l  = ( Y , l )
n
I n  o r d e r  to  c o n s t r u c t  t h e  co m p le te  e v o l u t i o n  m a t r i x ,  G, tw o s e t s  o f  
b o u n d a ry  c o n d i t i o n s  m ust b e  c o n s id e r e d ;  e q a .  ( I I . l U ) ,  c o r r e s p o n d i n g  t o  
t h e  e l e c t r o n  b e in g  i n i t i a l l y  in  t h e  h ound  s t a t e ,  and  e q s . ( 1 1 * 1 5 ) ,  
c o r r e s p o n d in g  t o  t h e  e l e c t r o n  I n i t i a l l y  o c c u p y in g  one o f  t h e  c o n tin u u m  
s t a t e s *  We c o n s i d e r  h e re  t h e  s o l u t i o n  t o  eq* ( 1 1 . 1 9 ) ,  w h ich  I n v o lv e s  
t h e  f i r s t  o f  t h e s e  b o u n d a ry  c o n d i t i o n s .  (The o t h e r  s e t  i s  c o n s i d e r e d  in  
Appendix  E. ) W ith  a p p ro x im a t io n  ( V . l ) ,  e q .  ( 1 1 .1 9 )  becomes
_  _L ["£ -  E  'G ce'T ] c  ( e.1 = - i f l t V 1 
d A L J A  W ttJ
1 .  G e n e ra l  P r o p e r t i e s  o f  e g .  (V.£)
As i s  w e l l  known, s o l u t i o n s  t o  a  g e n e r a l  s e c o n d - o r d e r  l i n e a r  
d i f f e r e n t i a l  e q u a t i o n  c a n n o t  be  g iv e n  i n  c lo s e d  fo rm . N u m e r ic a l  s o l u ­
t i o n s  and a n a l y t i c  a p p ro x im a t io n s  c an  b e  c o n s t r u c t e d ,  b u t  e q .  ( V. 2 )  
t u r n s  o u t  t o  be somewhat more d i f f i c u l t  t h a n  m ost l i n e a r  e q u a t i o n s .
T h re e  a s p e c t s  o f  t h i s  e q u a t i o n  l e a d  t o  d i f f i c u l t i e s :  t h e  b o u n d a ry  co n ­
d i t i o n s ,  t h e  d i s c o n t i n u i t y  i n  t h e  s l o p e  o f  C (£  ) a t  6 = 0 ,  and  t h e  
inhomogeneous te rm .  Each o f  t h e s e  w i l l  b e  c o n s id e r e d  b e lo w .
F i r s t  l e t  ua n o t e  t h a t  t h e  g e n e r a l  s o l u t i o n  t o  any s e c o n d -  
o r d e r  l i n e a r  inhom ogeneous e q u a t i o n  c an  b e  w r i t t e n  a s  a  l i n e a r
^9
c o m b in a t io n  o f  two in d ep en d e n t  s o l u t i o n s  t o  th e  homogeneous e q u a t i o n ,  
a ( & ) and b { £  ) ,  p lu s  a p a r t i c u l a r  s o l u t i o n  to  th e  inhomogeneous eq u a ­
t i o n ,  g{ €  ) i
*  B b c O  + ^ { O  {v.3)
where A and B a r e  c o n s ta n t s  d e te rm in e d  by t h e  boundary  c o n d i t i o n s .  The 
homogeneous e q u a t i o n ,
-  i_  [“ e. -  E  -  G ceV l c  te>  =- o  ( v . t )
dG* A  L  * 1  °
h a s  th e  form o f  a o n e -d im e n s io n a l  S c h ro e d in g e r  e q u a t io n  in  th e  v a r i a b l e  
£  . The f a c t o r  m u l t i p l y in g  C^( G ) i a  a p p ro x im a te ly  l i n e a r  in  £  , so
t h e  p r o p e r t i e s  o f  th e  s o l u t i o n  a r e  easy  t o  s e e .  T here  i s  an a l lo w ed  
r e g io n  t o  t h e  l e f t  and a f o r b id d e n  r e g io n  t o  t h e  r i g h t  o f  a  t u r n i n g  
p o i n t ,  £  , where
e t f  -  E„ -  G t e t f ) =  o  (v.5)
In  t h e  a l lo w e d  re g io n  th e  s o l u t i o n s  a r e  o s c i l l a t o r y ,  w h ile  in  t h e  f o r ­
b id d e n  r e g io n  t h e r e  i s  a  r e g u l a r  s o l u t i o n  which goes t o  ae r o  ae C - » ®  , 
and  an i r r e g u l a r  s o l u t i o n  which blows up e x p o n e n t i a l l y  as  £ - * »  . Let us 
s a y  t h a t  a( £ ) I s  t h e  r e g u l a r  s o l u t i o n  and b ( £  ) i s  one o f  t h e  i r r e g u l a r  
s o l u t i o n s .
One f in d s  t h a t  among t h e  p a r t i c u l a r  s o l u t i o n s  t o  t h e  inhomogeneous 
e q u a t i o n ,  t h e r e  a r e  some t h a t  a l s o  rem ain  r e g u l a r  i n  t h e  fo rb id d en  r e g io n .
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These go t o  a e r o  flfi £ “*  *  much more s lo w ly  th&n »{ £  ) ;  w h i le  a( t  ) 
goes to  z e ro  e x p o n e n t i a l l y ,  th e  p a r t i c u l a r  s o lu t i o n s  f a l l  o f f  a p p ro x i— 
m ately  as £  1 . The f u n c t io n  g[ £  } can be tak en  t o  b e  any o n e  o f  t h e s e  
r e g u l a r  p a r t i c u l a r  s o lu t io n s *
Given t h r e e  s p e c i f i e d  fu n c t io n s  a { £ ) ,  b ( £ ) ,  and g ( f c ) ,  t h e  
c o e f f i c i e n t s  A and B a r e  de te rm in ed  from t h e  boundary  c o n d i t i o n s ;  th e  
v a lu e  o f  CQ( £  ) and i t s  f i r s t  d e r iv a t iv e  a t  any p o i n t  a r e  s u f f i c i e n t  t o  
d e te rm in e  A and  B. U n fo r tu n a te ly ,  however, boundary c o n d i t i o n s  a re  n o t  
g iven  t o  us i n  t h i s  form. E quations (1 1 . 1 I4 ) a re  c o n d i t i o n s  Oh Cgft )  euid 
Cg ( t ) ,  n o t on CQ{ £  ) i t s e l f ,  Hence a p p r o p r ia t e  c o e f f i c i e n t s  can  o n ly  
be de te rm in ed  by  ta k in g  t h e  F o u r ie r  t r a n s fo rm  [eq. (1 1 .2 1 )1  and then 
imposing t h e  boundary  c o n d i t i o n s .  One c o e f f i c i e n t  ib  o b v io u s :  s in c e
b ( £  ) i s  i r r e g u l a r *  i t s  F o u r ie r  t ra n s fo rm  does not e x i s t ,  s o  E -  0 ; 
however, A c a n n o t  be  de te rm in ed  so  e a s i ly .
T h is  b r in g s  us t o  a  b a r r i e r  th a t  was not e a s i l y  overcom e. 
Because A i s  n o t  d e te rm in e d  th e re  i s  no d i r e c t  way o f  n u m e r ic a l ly  con<- 
s t r u c t i n g  t h e  d e s i r e d  s o l u t i o n  t o  eq ,  (V.2)* In fact,  fo r  r e a s o n s  t h a t  
w i l l  be e x p la in e d  below, i t  tu rn s  ou t to  be  d i f f i c u l t  t o  o b t a i n  any 
r e l i a b l e  n u m e r ic a l  s o l u t i o n  t o  e q .  (V.2) e x c e p t  o v e r  a  l i m i t e d  range o f  
£. . I f  a  r e l i a b l e  n u m erica l  s o lu t io n  had  been a v a i l a b l e ,  we would
have been a b l e  t o  t e s t  v a r io u s  a n a l y t i c  a p p ro x im a tio n s  t o  f i n d  th e  one 
t h a t  f i t  t h e  n u m e r ic a l  s o lu t i o n  b e s t .  However, we c o u ld  o n ly  o b ta in  
n u m erica l  s o l u t i o n s  i n  l i m i t e d  ranges  o f  £  by u s in g  boundary  c o n d i t i o n s  
t h a t  had been o b ta in e d  from th e  a n a ly t i c  a p p r o x im a t io n s . Thus th e
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c o n s t r u c t  io n  o f  a  good  n u m e r ic a l  s o l u t i o n  and a  good a n a l y t i c  a p p r o x i ­
m a tio n  had t o  b e  a c c o m p lish e d  s im u l t a n e o u s ly  and s e l f - c o n s i s t e n t l y  by 
a  f a i r l y  l a b o r i o u s  p r o c e s s  o f  t r i a l  and  e r r o r .  We g iv e  b e lo w  t h e  f i n a l  
r e s u l t  o f  t h e s e  s t u d i e s  and t h e  p r o o f  t h a t  th e y  a r e  s e l f  c o n s l a t e n t ,
2 . A n a l y t i c  A p p ro x im a tio n  t o  t h e  S o l u t i o n
An a p p ro x im a te  s o l u t i o n  can be  c o n s t r u c t e d  by t r a n s f o r m i n g  t o  
th e  v a r i a b l e  yt  ,
(v.6)
E q u a t io n  (V, 2)  t h e n  becomes
dyL (y'J1 «ly Cy') L J
( v , t )
[The p r im e  d e n o te s  d i f f e r e n t i a t i o n  w i th  r e s p e c t  t o  t  . ) The a d v a n ta g e
t “ ^  ii
o f  t h i s  t r a n s f o r m a t i o n  i s  t h a t  when i t  i s  n o te d  t h a t  y and y :* o
a re  good a p p ro x im a t io n s  over a  l a r g e  ra n g e  o f  £  . eq ,  ( V, 7)  r e d u c e s  
t o  an e q u a t io n  f o r  w h ich  t h e  s o l u t i o n s  a r e  w e l l  known A iry  f u n c t i o n s .  
T hus , t h e  r e g u l a r  s o l u t i o n s  t o  e q ,  ( V, 2)  a r e  a p p r o x im a te ly  g iv e n  by
•i.
4. |»  - V , .  l v ' 8 )
3<61 = A
Ai i s  t h e  r e g u l a r  s o l u t i o n  t o  t h e  homogeneous A iry  e q u a t i o n  and  Gi i s  a  
r e g u l a r  s o l u t i o n  t o  t h e  inhom ogeneous A iry  e q u a t i o n , ^  ( L a t e r  we w i l l  
show t h a t  t h e  b o u n d a ry  c o n d i t i o n s  im p ly  A ■ 1.
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“H iere  i s  one f a c e t  o f  t h e  a n a l y t i c  a p p r o x im a t io n ,  eq .  ( V . 6 ) ,  
t h a t  n e e d s  t o  b e  e x p l a i n e d  i n  some d e t a i l  -  t h a t  i s  t h e  com plex  t u r n i n g  
p o i n t ,  C f . The t u r n i n g  p o i n t  I s  t h e  s o l u t i o n  t o  e q .  ( V . 5 ) i  i t  i stp
com plex  b e c a u s e  G ( £  ) i s  i n  g e n e r a l  a  com plex  f u n c t i o n .  S in c e  G(C ) i s  
n o t  l a r g e ,  £  i a  a lw ay s  c l o s e  t o  E ^ ; t h e  p r o p e r t i e s  o f  t h i s  r o o t  
d e p en d  upon  t h e  v a lu e  o f  E^ , an d  t h e r e  a r e  t h r e e  d i s t i n c t  r a n g e s  o f  
t h i s  p a r a m e te r  t o  c o n s i d e r .  ( i )  For * < 0 ,  s i n c e  G {£ ) i s  r e a l  f o r  
t  < 0 ,  I t  f o l l o w s  t h a t  €  i a  r e a l .  (A ls o  i t  i s  c o n v e n ie n t  t h a t  f o r  
t h e  p a r t i c u l a r  form o f  G f£  ) u s e d  i n  o u r  a n a l y s i s ,  e q .  ( I I I . 2 0 ) ,  £ t p
can  h e  d e te r m in e d  a n a l y t i c a l l y , )  F ig u r e  V - l  shows a  s o l u t i o n  CQ( £  )
c h a r a c t e r i s t i c  o f  t h i s  r e g i o n .  In  t h i s  c a s e  E_ = - 0 . 0 2 ,  £  = -0.Q2J+,0 t p  ’
and f o r  €. > £  t h e  s o l u t i o n  d e c r e a s e s  sm o o th ly  w h i le  f o r  £  <  £  ,t p  t p
i t  i s  o s c i l l a t o r y .
For E_ > > 0 ,  s i n c e  G( €. ) i s  com plex  f o r  £  >  0* 6  i s  a l s oU Lu
com plex  (an d  c a n n o t  be  o b t a i n e d  a n a l y t i c a l l y ,  b u t  o n ly  n u m e r i c a l l y . )
F ig u r e  V-2 shows a  s o l u t i o n  f o r  t h i s  r e g i o n .  Here = 0 .0 1 6 ,
£  = 0.011U -  0 .0 0 2 3 1 ,  an d  a g a in  s i m i l a r  p r o p e r t i e s  o f  t h e  a n a l y t i ct p
and n u m e r i c a l  s o l u t i o n  a r e  fo u n d .
In  t h e  im p o r t a n t  t h r e s h o l d  r e g i o n ,  Eq «■ 0 ,  a  d i f f i c u l t y  a r i s e s .  
B ec a u se  o f  t h e  d i s c o n t i n u i t y  i n  s lo p e  o f  G {£  ) ,  one  f i n d s  t h a t  t h e r e  a r e  
t h r e e  r o o t n  o f  e q .  ( V. 5)  c l o s e  to  each  o t h e r .  T h e re  i s  t h e r e f o r e  no  
u n iq u e  s t a r t i n g  p o i n t  f o r  t h e  i n t e g r a t i o n  o f  y c  i n  e q .  ( V , 6 ) ,  To 
c i r c u m v e n t  t h i s  p ro b le m ,  an I n t e r p o l a t i o n  schem e was d e v is e d  t o  c o n n e c t  
















































a n d  c o n t i n u o u s  f u n c t i o n .  F i g u r e s  V -3 ,  V—1+, and  V-5 show t h e  r e s u l t s  o f  
c a r r y i n g  o u t  t h i 3  p r o c e d u r e  f o r  y^ a s  a  f u n c t i o n  o f  Eg a t  f i x e d  v a lu e s  
o f  £  . The r e a l  p a r t  o f  y £  was fo u n d  t o  be b e a t  f i t t e d  by  & s t r a i g h t  
l i n e  w h i l e  t h e  im a g in a ry  p a r t  was b e s t  f i t t e d  by  an  e x p o n e n t i a l .  Thus 
t o  o b t a i n  an  a p p ro x im a t io n  t o  ) f o r  E^ c l o s e  t o  a e r o ,  f o r  each
v a l u e  o f  £  , y ^  i s  o b t a i n e d  by  i n t e r p o l a t i o n  b e tw ee n  l a r g e r  n e g a t i v e  
and p o s i t i v e  v a lu e s  o f  E , an d  E ) i a  g iv e n  by  e q a ■ ( V. 3)  and ( V . 0 ) ,  
F ig u r e  V-6 ahows a  s o l u t i o n  g e n e r a t e d  u s in g  t h i s  schem e.
Tn a l l  e a s e s ,  t h e  a n a l y t i c  form s g iv e n  in  e q s .  ( V. B) ,  w i th  
yc  d e f i n e d  by  e q ,  f V. 6)  o r  f o r  s m a l l  EQ by  t h e  i n t e r p o l a t i o n  schem e, 
g iv e  a  f u n c t i o n  t h a t  a g r e e s  v e i l  w i t h  t h e  n u m e r i c a l l y  d e te r m in e d  s o l u ­
t i o n .
3 . N u m erica l  S o l u t i o n
In  o r d e r  t o  d e t e r m in e  t h e  a c c u r a c y  o f  t h e  a n a l y t i c  a p p r o x i ­
m a t io n  f o r  C g ( E  },  eq,  ( V . B ) ,  c o m p ar iso n  m u st be  made t o  n u m e r ic a l  
i n t e g r a t i o n s  o f  t h e  d i f f e r e n t i a l  e q u a t i o n .  E q u a t io n  ( v . £ )  f a l l s  i n t o
1C
t h e  c a t e g o r y  o f  " s t i f f * 1 e q u a t i o n s .  T h i s  e s s e n t i a l l y  r e f e r s  t o  th e  
e x i s t e n c e  o f  i r r e g u l a r  s o l u t i o n s  a s  v e i l  a s  r e g u l a r  s o l u t i o n s  a s  one 
i n t e g r a t e d  from  -  t*> t o  »  . I r r e g u l a r  s o l u t i o n s  a r e  r e j e c t e d  a s  b e in g  
u n p h y a i c a l ,  b u t  i n  a c t u a l  c o m p u t a t i o n s , i t  i s  much more d i f f i c u l t  t o  
d i s c a r d  any  p a r t i c u l a r  s o l u t i o n ,  e s p e c i a l l y  when t h a t  s o l u t i o n  grows 
e x p o n e n t i a l l y .  T h is  p ro b le m  i s  e n c o u n te r e d  when i n t e g r a t i n g  e q .  ( V. 2)  
from  t h e  a l lo w e d  r e g io n  ( C <  <. E^) t o  t h e  f o r b id d e n  r e g io n  ( c  > >  E ^ ).
The s l i g h t  a c c u m u la t io n  o f  n u m e r ic a l  e r r o r  i s  a lw ays  enough t o  l e a d  t o  an
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e x p o n e n t i a l ly  i n c r e a s in g  s o l u t i o n .  An example o f  t h i s  i s  shown i n  
F ig ,  V-T* For EQ = 0 -0 1 6 ,  a n u m e r ic a l  i n t e g r a t i o n  wag o b ta in e d  u s in g  
th e  i n i t i a l  v a lu e s  p r e d ic te d  by ou r  a n a l y t i c  ap p ro x im a tio n  a t  t h e  p o in t  
£  ” -0,OQk. Aa can be seen  in  t h i s  f i g u r e ,  t h e  n u m e r ic a l  s o l u t i o n  
d iv e rg e s  from ze ro  r a p i d l y  in  t h e  fo rb id d e n  r e g i o n .
For t h e  homogeneous e q u a t i o n , th e  s im p le s t  way t o  av o id  t h i s  
phenomenon i a  by b e g in n in g  th e  n u m e r ic a l  i n t e g r a t i o n  i n  t h e  fo r b id d e n  
r e g io n  and i n t e g r a t i n g  to w ard  t h e  a l lo w ed  re g io n ;  in  t h i s  manner t h e  de­
s i r e d  r e g u l a r  s o lu t i o n  becomes th e  e x p o n e n t i a l l y  growing one and n u m e r ic a l  
e r r o r  w i l l  p la y  a l e s s  s i g n i f i c a n t  r o l e .  For t h e  p r e s e n t  inhomogeneous 
e q u a t i o n 4 however, t h i s  method does no t work. I f  t h e  d e a i r e d  s o l u t i o n  
ia  g( £  J Gi(yc  ] ,  th e n  i n t e g r a t i o n  from t h e  fo rb id d e n  r e g io n  tow ard  
d e c r e a s in g  £. g iv e s  n u m erica l  e r r o r s  t h a t  l e a d  t o  t h e  e x p o n e n t i a l l y  
i n c r e a s in g  a[ £  ) Aifyc  ) .
In  p r a c t i c e  i t  was found t h a t  t h e  most s e l f - c o n s i s t e n t  r e s u l t  
was o b ta in e d  by s t a r t i n g  t h e  i n t e g r a t i o n  i n  th e  v i c i n i t y  o f  £  s  EQ and 
c h eck in g  th e  r e s u l t s  by r e v e r s i n g  th e  d i r e c t i o n  o f  I n t e g r a t i o n .  The 
num erica l  i n t e g r a t i o n s  shown in  F ig s .  V - l ,  V-2* and V- 6  were  g e n e r a te d  
a c c o rd in g  t o  t h i s  scheme. In  each case  agreem ent w i th  t h e  a n a l y t i c  
ap p ro x im a tio n s  i s  very good,
B, The F i r s t  Column o f  t h e  E v o lu tio n  M atr ix
In  C h ap te r  I I  and Appendix A th e  c o n n ec t io n  betw een th e  s c a t ­
t e r i n g  m a tr ix  £3 and th e  e v o lu t io n  m a t r ix  £  was e x p la i n e d ,  GQ0 i s  t h e








































d e n s i ty  f o r  de tachm ent t o  continuum s t a t e s  Of energy  n e a r  E, on t h e  
a s  sumption t h a t  t h e  s y s te m  s t a r t e d  In t h e  hound s t a t e  a t  t  ■= 0„ c o r ­
re s p o n d in g  t o  t h e  t u r n i n g  p o in t .  These a r e  th e  boundary  c o n d i t io n s  
g iv e n  in  e q ,  ( I I , l i t }  w i th  which ve have b e e n  w o rk in g , so  i t  fo l lo w s  t h a t
A ccording  t o  eq .  ( 1 1 .2 1 ) ,  Cg( t )  and Cj , £ t )  a r e  g iv en  by F o u r i e r  t r a n s f o r m s  
o f  C ( £  ) and  G { £  );  an  a n a ly t i c  a p p ro x im a t io n  to  C _ ( £  ) was o b ta in e dIP £j U
in  th e  p r e c e d in g  s e c t i o n ,  and Cgf €  ) i s  g iv e n  by e q . ( 1 1 .1 0 ) ,  How ve 
e v a lu a te  t h e  n e c e s sa ry  i n t e g r a l s  t o  o b t a i n  t h e  f i r s t  column o f  £ .
The i n t e g r a l s  t o  be e v a lu a te d  a r e
The c o n s ta n t  A i s  t o  be de term ined  from t h e  boundary  c o n d i t i o n s .  Let u s
s e t  A = 1 and  v e r i f y  t h a t  Cn( t  ■ 0) and C ( t  ■ 0) s a t i s f y  t h e  g iv en  con-u b
(V.9)
(V .10)
c *(°  + * & ( v 0  J e  ( v -111
«o
{V .12)
d i t i o n s  [ e q ,  ( l l . l t ) ] .  F o r  t  -  0 ,  c 0( t )  can  be e v a l u a t e d  by e x p re s s in g  
t h e  A iry f u n c t io n s  in  t e r m s  o f  t h e i r  i n t e g r a l  r e p r e s e n t a t i o n s , ^  
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With t h i s  r e p r e s e n t a t i o n , and  u s in g  t h e  a p p ro x im a t io n  ** ,
eq .  ( V . l l )  r e d u c e s  t o
00 r*
-  (tTT^ j  i *  J  ( V . l l )
tJ — M3
4
s   ^ <U e * p ( ^ u ^ )  S t * )  ( v . i 5 )
« ^
= ' / t  (V. 16 )
T h is  i a  t h e  d e s i r e d  r e s u l t .  A cco rd in g  t o  eq .  ( I I , l l ) i fl su p p o se d
t o  change d i s c o n t i n u o u s l y  from  0  t o  1 a t  t  = 0 , and i t  i s  w e l l  known 
t h a t  a  F o u r i e r  r e p r e s e n t a t i o n  o f  su ch  a  d i s c o n t i n u i t y  g iv e s  t h e  a v e r a g e  
v a lu e ,  1 / 2  fC0 (0"} + CQ ( 0+ ) ] .
In  t h e  l i m i t  a s  t  ~ t i n t e g r a t i o n  can b e  a c c o m p l is h e d  u a ln g  
a s y m p to t ic  a p p ro x im a t io n s  t o  A iry  f u n c t i o n s  and t h e  s t a t i o n a r y  p h a se  
a p p ro x im a t io n .  An a s y m p t o t i c  r e p r e s e n t a t i o n  o f  Gi c an  be o b t a i n e d  u s i n g  
th e  fo rm u la
r* p rr
G i ly )  * i  ftity) + ] B< I*) <Jx (V.1T)
and th e  s ta n d a rd  a s y m p to t ic  expans ions  o f  Ai and Ei , which a re  g iv en  In  
eqs . 1 0 .1 . 59-66 o f  Abram owiti and S t e g u m .^  (A sym ptotic  s e r i e s  can be 
i n t e g r a t e d ,  m u l t i p l i e d  and added , b u t  n o t  n e c e s s a r i l y  d i f f e r e n t i a t e d , )  




2  « * p + i v  ^  +  - i-  IT < S # < ff11" (v - l 8b)
i f ^ V '  r ' - 3 , t ' '  " I t  » T
The f i r s t  o f  t h e s e  m ust be  i n t e r p r e t e d  w i t h  c a re *  A i [ y )  i s  e x p o n e n t i a l l y  
s m a l l  on t h e  p o s i t i v e  r e a l  a x i s ,  w h i l e  G i(y )  f a l l s  o f f  a s  y - i  i n  t h i s  
r e g i o n .  The two te r m s  in  eq* ( V . l 8 a} a r e  t h e  l e a d i n g  te rm s  in  t h e  asymp- 
t o t i e  e x p a n s io n  o f  e a c h  f u n c t i o n  and t h e  n e x t  te rm  i n  Gi i a  0 (y  ) .
Hence a t  l a r g e  y  „ h i g h e r  t e r m s  in  t h e  e x p a n s io n  o f  Gi w i l l  be  much l a r g e r  
t h a n  t h e  e x p o n e n t i a l l y  s m a l l  Ai*
When t h e s e  e x p a n s io n s  a r e  i n s e r t e d  i n t o  e q .  ( V * l l ) ,  i t  I s  
fo u n d  t h a t  t h e  s t a t i o n a r y  p h a s e  p o i n t  s a t i s f i e s  t h e  e q u a t io n
e OT -
w h ic h  f o r  l a r g e  t „ r e d u c e s  t o
£ _  = E ^ -  a £  <v - 2 0 >
s i n c e  G( E ) - +  0 f o r  £  * <. 0. Then e v a l u a t i o n  u s in g  eq* (C*M g i v e s  
t h e  s u r v i v a l  a m p l i tu d e
g~  - e>p [ |  ] (V.21)
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T u rn in g  nov t o  th e  e v a l u a t i o n  o f  C ( t ) ,  we r i n d  t h a t  t h eJlj
i n t e g r a l  in  eq ,  ( v , 1 2 ) has  a s t a t i o n a r y  p h a se  p o i n t  l o c a t e d  a t
t
£ u  = fo r  l a r g e  t ,  an d  a  s im p le  p o l e  l o c a t e d  a t
£  = E. When we to o k  th e  F o u r ie r  t r a n s f o r m  ( l l . l 6 ) ,  we gave  £  a  s m a l l
p o s i t i v e  im a g in a ry  p a r t  t o  a s s u re  c o n v e r g e n c e .  As a  c o n s e q u e n c e ,  t h e
p a t h  o f  i n t e g r a t i o n  p a s s e s  above t h e  p o le  a t  £  = E. F o r  t  ™ 0 ,  t h e
i n t e g r a l  can b e  e v a l u a t e d  u s in g  c o n to u r  i n t e g r a t i o n  a lo n g  t h e  c o n t o u r
ABC ( F ig .  V-B), S t a n d a r d  complex a n a l y s i s  shows t h a t  t h e  i n t e g r a l
a lo n g  C v a n i s h e s  i f  t h e  r a d iu s  i s  to k e n  t o  b e  i n f i n i t e l y  l a r g e ,  an d  t h e r e
i s  no p o le  e n c lo s e d *  so  C_(t = 0 )  = 0 .  The i n t e g r a l  f o r  t  c a n  beL
e v a l u a t e d  a lo n g  t h e  c o n to u r  ABDF by n o t i n g  ( i )  t h e  i n t e g r a l  a lo n g  A can 
b e  e v a l u a t e d  by t h e  c o n t r i b u t i o n  from t h e  s t a t i o n a r y  p h a s e  p o i n t  a t  
w h ich  c a u se s  t h i s  i n t e g r a l  to  v a n i s h  s i n c e  ( -  E ) -1—> *  , ( i i )  t h e
i n t e g r a l  a lo n g  D v a n i s h e s  as th e  r a d i u s  i s  t a k e n  t o  b e  i n f i n i t e l y  l a r g e ,  
( i i i )  t h e  i n t e g r a l  a lo n g  F v a n ish e s  b e c a u s e  e x p ( -  ) goea  t o  a e r o
Tl
f o r  Im t, <■ 0  i n  t h e  l i m i t  t  - * »  , ( i v )  t h e  c o n t r i b u t i o n  from  t h e  p o l e
can  be d e te r m in e d  from  C auchy 's  r e s i d u e  th e o re m . Then t h e  d e ta c h m e n t  
a m p l i tu d e  d e n s i t y  i s
C, The G -M atr ix  and  t h e  ^ - M a t r ix
We h a v e  now accom plished  h a l f  o f  o u r  t a e k :  f o r  t h e  b o u n d a ry
c o n d i t i o n s  o f  e q .  ( I I . l U )  ve have o b t a i n e d  an a p p ro x im a te  a n a l y t i c  s o l u ­
t i o n  t o  eq .  ( V . 2 ) ,  we h av e  v e r i f i e d  t h a t  t h e  s o l u t i o n  i s  a c c u r a t e  by
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d i r e c t  n u m e r ic a l  c o m p u ta t io n s ,  and we have  F o u r i e r - t r a n s f o r m e d  t h e  r e s u l t  
t o  o b t a i n  t h e  f i r s t  column o f  t h e  G - m a t r ix .  The n e x t  s t e p  i s  t o  c o n s i d e r  
t h e  a l t e r n a t i v e  b o u n d a ry  c o n d i t i o n s  g iv e n  i n  e q .  ( 1 1 . 1 5 ) ,  i n  w hich t h e  
e l e c t r o n  i s  i n i t i a l l y  i n  an  unbound s t a t e .  T hese  a l t e r n a t i v e  bo u n d ary  
c o n d i t i o n s  l e a d  t o  a  new e q u a t i o n ,  t h e  s o l u t i o n  t o  w h ich  i s  g iv en  i n  
A ppend ix  E ; t h e n  t h e  F o u r i e r  t r a n s f o r m a t i o n  t h a t  r e c o v e r s  t h e  r e s t  o f  
t h e  G -m a tr ix  i s  d e v e lo p e d  in  A ppend ix  P.
The f i n a l  r e s u l t  i s
G * (V .2 3 )
( V. 2 3a )
(V.23b}
(V .2 3 c )





^  a*' t \  * h ;  (y^  J t  f t ^ Y . v * * a u y ^ l  {v . 2 5 }
£  ^ E ^ ^ E
*t£
j b t e . E ^ - ^ e 1 ^ ( E ,e '>  (V*26)
The S - ro a t r ix
S '  G G  (A .18)
I s  th e n  o b ta in e d  in  a  s t r a ig h t f o r w a r d  manner:
S £ |  t  ' v )
cd
[  e » p [ - i : > 4 . < ^ ]  e . p [  t  * j *  I i E  f l t f  V u i i  (V.27&)
ft
s* i« p [ - ' i ^ 'U M ) | ]  « ? u c j m  v» v *
„  (V .2Tb)
+  \4 t  *_lE} + \ 4 * T dE 1 r < € '>  \ t E ' l  J&£E,E') 1  
n r  i
S« T  sr t =
♦ + VtV<„ j* £Tret jtlCE'.O i J U , 0  J c J
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The s c a t t e r i n g  m a tr ix  S d i f f e r s  from th e  f u l l  s c a t t e r i n g  
m a tr ix  £  by phase f a c t o r s .  When we in c lu d e  th e s e  f a c t o r s  t h e  f u l l  
s c a t t e r i n g  m a tr ix  i s
* t I‘ i ( V. 2 8 }
i « - V
^  S«  (v . 28a)
e * p t * { n . * w 3  <v -a 0 b >
4 „ f r ^ : s t t , e * p [ U n . t «-'it O 'J  ( t . 2 8 c)
ft
where i s  the  p h a se  s h i f t  fo r  e l a s t i c  s c a t t e r i n g  on th e  r e a l  p o t e n t i a l  
curve A c a r e f u l  exam ination  o f  th e s e  m a t r ix  e lem en ts  r e v e a l s
t h a t  t h e y  a re  in d ep en d en t  o f  th e  v a r i a b l e  t ,  t h e r e f o r e  t h e i r  phases  a re  
f i n i t e  65 t  —* •  .
D. D iscu ss io n
In  t h i s  c h a p t e r ,  we have made a q u a d r a t ic  ap p ro x im a tio n  t o  th e  
time dependence o f  t h e  d i f f e r e n c e  p o t e n t i a l  V ^ ( t )  and  so lv ed  t h e  r e ­
s u l t i n g  coupled e q u a t io n s  to  o b ta in  t h e  G -m atrix , t h e  S - m a t r ix ,  and th e  
f u l l  ,A - m a t r ix .  The s o l u t i o n  we h av e  o b ta in e d  i s  n o t  e x a c t  — t h e
TO
ap p ro x im a tio n s  made l e a d  t o  a s e c o n d -o rd e r  d i f f e r e n t i a l  e q u a t io n ,  f o r  
which an e x a c t  s o l u t i o n  canno t be  o b ta in e d  in  c lo s e d  form — b u t ,  used  
w ith  c a r e ,  t h e  r e s u l t s  sh o u ld  be  v e ry  c lo s e  t o  t h e  ( u n a v a i l a b l e )  e x a c t  
s o l u t i o n  t o  t h e  q u a d r a t i c  model.
Under what c o n d i t i o n s  th e  q u a d r a t i c  model f o r  VQQ i s  a  good 
ap p ro x im a tio n  f o r  r e a l  system s i s  a s e p a r a t e  q u e s t i o n .  I t  must be a 
good ap p ro x im a tio n  f o r  t  s u f f i c i e n t l y  c l o s e  t o  t  = 0 , o r  R s u f f i c i e n t l y  
c lo s e  t o  t h e  t u r n i n g  p o i n t ;  t h e  p r e c i s e  meaning o f  " s u f f i c i e n t l y  c lo s e "  
i s  a q u a n t i t a t i v e  q u e s t i o n  t h a t  depends on th e  p a r t i c u l a r  system .
In  th e  n ex t  c h a p te r  we w i l l  c o n s id e r  t h e  a p p l i c a t i o n  o f  t h e s e  
r e s u l t s  t o  r e a l  sy s te m s ,  and we w i l l  u se  them t o  o b ta in  d i f f e r e n t i a l  and 
t o t a l  c r o s s  s e c t i o n s .
VI. SURVIVAL PROBABILITY AND CROSS SECTIONS FOR
c o l l i s i o n s  involving electron  detachment
The d e v e lo p m e n t  g iven  in  t h e  e a r l i e r  c h a p t e r s  h a s  l e d  us t o  
a  new f o r m u la  Tor t h e  s c a t t e r i n g  m a t r ix  £  f o r  c o l l i s i o n s  i n v o lv in g  
e l e c t r o n  d e ta c h m e n t .  T h i s  m a tr ix  c o n t a i n s  w i t h i n  I t  p r o b a h  i l l  t i e s  f o r  
e l e c t r o n  d e ta c h m e n t  and  f o r  n e g a t iv e  i o n  s u r v i v a l ,  and I t  c o n t a i n s  p h a s e  
s h i f t s  r e p r e s e n t i n g  t h e  e l a s t i c  e f f e c t s  o f  t h e  i n t e r a t o m i c  p o t e n t i a l s .
In  s h o r t ,  i t  c o n t a i n s  a l l  t h e  in f o r m a t io n  t h a t  i s  n eed ed  f o r  t h e o r e t i c a l  
c a l c u l a t i o n  o f  e ro o e  s e c t i o n s  t h a t  c an  b e  com pared v i t h  e x p e r i m e n t .
In  t h i s  c h a p t e r  we w i l l  p a r t i c u l a r l y  exam ine  t h e  s u r v i v a l  
p r o b a b i l i t y  and  t h e  t o t a l  p r o b a b i l i t y  o f  e l e c t r o n  d e ta c h m e n t .  P r e d i c t i o n s  
o f  t h e  new fo rm u la  w i l l  b e  compared w i t h  r e s u l t s  o f  t h e  l o c a l - c o m p l e x -  
p o t e n t i a l  m odel. Then u s i n g  a s u i t a b l e  c h o ic e  o f  t h e  f r e e  p a r a m e te r s  
(Eg, , V ^), d i f f e r e n t i a l  and t o t a l  c r o s s  s e c t i o n s  w i l l  b e  c a l c u l a t e d
f o r  t h e  H (D } -  He s y s t e m s .
A. R e l a t i o n  Between t h e  -M a tr ix  and  C ro s s  S e c t i o n s
The r e l a t i o n  b e tw een  th e  f u l l  s c a t t e r i n g  m a t r i x  JL and d i f f e r ­
e n t i a l  a n d  t o t a l  c r o s s  s e c t i o n s  i s  w e l l  known. A summary o f  some o f  t h e
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e s s e n t i a l  r e s u l t s  i s  p r e s e n t e d  below.
1 .  Quantum T h eo ry
C o n s id e r  a  c o l l i s i o n  in  w hich t h e  t r a n s l a t i o n a l  k i n e t i c  e n e r g y  
o f  t h e  n e g a t i v e  i o n  r e l a t i o n  to  th e  a tom  l a  £  ( c e n t e r  o f  moss f r a m e ) .
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L e t C q b e  t h e  e l e c t r o n  a f f i n i t y  o f  t h e  n e g a t i v e  i o n ,  a n d  a s  u s u a l ,  E 
be t h e  k i n e t i c  e n e r a r  o f  th e  e s c a p i n g  e l e c t r o n .  Then £ _  = t  _ + E i s£j U
t h e  r e l a t i v e  e n e rg y  l o s t  hy t h e  c o l l i s i o n  p a r t n e r s  and  a b s o r b e d  by t h e
d e ta c h e d  e l e c t r o n  ( F i g .  1 - 2 ) .  L e t  f „ „ (  0  } and f  ( 0 )  b e  t h e  e l a s t i ctJU DU
and de tachm ent s c a t t e r i n g  a m p l i t u d e s .  These a r e  r e l a t e d  t o  t h e  -A - m a t r i x  
by  t h e  s ta n d a r d  p a r t i a l - w a v e  e x p a n s io n :
( V I . l a )
^ ( < 0  = ( I l f  j j L ^ t l . A + 0  S J U o s G ’) (V I . lb )
where
( V I .2 a )
= ( W - Z b )
w here Pj a re  t h e  L egendre  p o ly n o m ia l s .  The e l a s t i c  d i f f e r e n t i a l  c r o s s  
s e c t i o n  r e p r e s e n t s  t h e  f l u x  o f  s u r v i v i n g  n e g a t i v e  io n s  i n t o
a  g iv e n  r e g io n  o f  s o l i d  a n g le  d i v i d e d  by th e  f l u x  d e n s i t y  i n  t h e  i n c i d e n t  
beam. L ikew ise  t h e  i n e l a s t i c  d i f f e r e n t i a l  c r o s s  s e c t i o n  JcW d J l  13  
p r o p o r t i o n a l  to  t h e  f l u x  o f  n e u t r a l  p a r t i c l e s  Of r e l a t i v e  e n e rg y  £  £ E;
t h e s e  p a r t i c l e s  a r e  t h e  rem a in s  o f  a  c o l l i s i o n  t h a t  has  p ro d u c e d  a  d e ­
ta c h e d  e l e c t r o n  o f  e n e rg y  E. T h ese  c r o s s  s e c t i o n s  a r e  r e l a t e d  t o  th e  
a b o v e - d e f in e d  s c a t t e r i n g  a m p l i tu d e s  by
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dJL
T hus, f o r  exam ple,
S r
(V I .3 a )
(V I,3 b )
(vi.lt)
C o rre sp o n d in g  t o t a l  c r o s s  s e c t i o n s  a re  o b ta in e d  by i n t e g r a t i n g  
eq . (VT,3b) o v e r  a l l  a n g le s :
*  I  . i
-  tTTkt  1 | f eo(Ol| Sill* «  ( V I .5)
w*
= ? .  t  u ^ o  i -C -  * » r  <vi6>
S  1 - 6
v h e re  t h e  i n t e g r a l  i n  eq. ( V I . 5) has  been e v a lu a te d  hy u s in g  th e  
o r t h o g o n a l i t y  c o n d i t i o n  f o r  t h e  Legendre f u n c t io n s
I
j  * * i U i  **
-i
F i n a l l y  t h e  t o t a l  de tachm ent c r o s s  s e c t i o n  i s  o b ta in e d  by summing o v e r  
a l l  t h e  f i n a l  s t a t e s
■CD
<r0  -  J  <£0  ( v i . a )
T 1*
= 1 L  T "  ( l - l + O  [  p ( E \  l A  I J t  ( V I . 9 )
k i  £  i  1
C o n s e r v a t io n  o f  p r o b a b i l i t y  r e q u i r e s
I f "  l
' A J  + J  ~  1  ( V I , 10)
»
i  i
an d  i f  we d e n o te  P . « =  l £ . t  [ s u r v i v a l  p r o b a b i l i t y ) ,  t h e n
^  = TT ^  U * *  0  ( 1 - i J U O  (VI.  11)
k j  *
2 .  S e m i c l a s s i c a l  T heory
B ec a u se  o f  t h e  l a r g e  m a sse s  o f  t h e  a to m s ,  a  f u l l  quantum  
m e c h a n ic a l  t r e a t m e n t  in v o lv e s  a  l a r g e  number o f  p a r t i a l  w av es .  I t  i s
t h e r e f o r e  much m ore  c o n v e n ie n t  t o  u s e  a  sem i c l a s s i c a l  a p p r o x im a t io n  t o
3"&t h e  fo r m u la s  p r e s e n t e d  above. W ith  t h e  a i d  o f  t h e  c l o s u r e  r e l a t i o n  
f o r  L egendre  f u n c t i o n s
y  o  p ( M & © } ^ t >  © ^  ® ( v i  1 2 )
i  1  1
an d  L a p l a c e ’ s  a p p ro x im a t io n  f o r  l a r g e  A ( X s i n ® > ^ l )
P ( c o s  ©)  v t o W J l e - ' n : )  ( v i . 1 3 )
*■ L i r J U i b o J  v
t h e  e l a s t i c  s c a t t e r i n g  a m p l i tu d e  g iv e n  i n  e q .  (V I. l a )  may b e  a p p r o x im a te d
by  an I n t e g r a l  o v e r  im pact p a r a m e te r s
( v i . i f c )
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U sin g  th e  s u b s t i t u t i o n
X ^
( V I . 15)
we have
-  U T T e ) ^  }  J t  l y ^ L ^ u f l 1 { e * p  t *  ++«w ]  + ewP [ U _ ( b ) ]  3  ( VI. 16 )
0
where
$4 ( b )  = -  tK*t e  '  (V I .17)
T h is  i n t e g r a l  may b e  e v a l u a t e d  by  s t a t i o n a r y  p h a s e ,  g i v i n g
r  - i1'*' _ *fx
(. | i t  | I « i < p [ ; ( i < ( b )  - k „ b s P s i h i  ( v i . i 8 )
w here  t h e  s t a t i o n a r y  phase  im p a c t  p a r a m e te r  b i s  r e l a t e d  t o  t h e  s c a t ­
t e r i n g  a n g le  0  by
e = k  <h’ (vi.I?)
k ,  a h
( I f  t h e  p o t e n t i a l s  w ere  a t t r a c t i v e ,  t h e r e  w ou ld  be more t h a n  one  s t a ­
t i o n a r y  phase  p o i n t ,  g iv in g  s e v e r a l  te rm s  i n  et^. ( V I .1 8 ) ,  w hich le& d to  
W e ll -U n d ers to o d  i n t e r f e r e n c e  and ra inbow  phenomena. S in c e  we have  
r e p u l s i v e  p o t e n t i a l s ,  such  com.pl I c a t i o n s  do n o t  o c c u r  h e r e . )  U s in g  t h e  
a p p ro x im a te  form  g iv e n  i n  eq.. (V I .  16} t h e  e l a s t i c  d i f f e r e n t i a l  c r o s s  
s e c t i o n  i s
T6
{ V I .30)
( V I . 21)
where 0 ^ | lo o k s  l i k e  t h e  c l a s s i c a l  formula f o r  t h e  d i f f e r e n t i a l  ctqbb
some i n e l a s t i c  e f f e c t s . )  I f  t h e  a d d i t i o n a l  ap p ro x im a tio n  i s  made t h a t
an d Of, i s  th e  e l a s a i c a l  e l a s t i c  d i f f e r e n t i a l  cross s e c t i o n .
The t o t a l  de tachm ent c ro a a  s e c t i o n  o f  eq . ( V I .11) can a l s o  be 
w r i t t e n  i n  a s im p le r  form. T h is  does n o t r e q u i r e  u se  o f  t h e  s t a t i o n a r y  
p h a se  a p p ro x im a t io n ,  b u t o n ly  t h e  ap p ro x im a tio n  o f  t h e  sum o v e r  A In  
eq. ( V I . 11} by th e  c o r re sp o n d in g  i n t e g r a l :
s e c t i o n .  (However b  i s  r e l a t e d  t o  6  by e q .  [VI. 19) and in c lu d e s
t h e  argum ent o f  i s  dom inated  by t h e  WKB ap p ro x im a tio n  to  th e
phase  s h i f t s  *Jt , then
0 -  i J j l j  
i t
( V I .22)
( V I ,23}
B, Formula f o r  t h e  P r o b a b i l i t y  o f  S u r v iv a l  o f  t h e  N eg a tiv e  Ion
As s u g g e s te d  by eq .  ( V I .1 5 ) i  th e  s im p le s t  form f o r  th e  s u r v i v a l  
p r o b a b i l i t y  i s  in  te rm s o f  t h e  m a t r ix  e lem en t ,




The c o n d i t i o n  f o r  c o n s e r v a t i o n  o f  p r o b a b i l i t y  [e q ,  [V I. 10) ] p r e s e n t s  an 
a l t e r n a t i v e  fo rm ,
Ps * \ -  J  J E  p i E )  ( V I . 25)
w here  p i e )  ‘V  i s  t h e  p r o b a b i l i t y  d e n s i t y  f o r  d e tac h m e n t  i n t o  a  
co n tin u u m  s t a t e  c l o s e  t o  E, The e q u iv a l e n c e  o f  t h e s e  two form s s h o u ld  
f o l l o w  from  t h e  u n i t a r i t y  o f  t h e  j& -  m a t r ix .  H ow ever, a s  was m e n t io n e d  
e a r l i e r ,  e q a . (V .2 8 )  a r e  n o t  e x a c t  fo r m u la s  f o r  t h e  -  m a t r i x  o f  t h e  
q u a d r a t i c  m o d e l : t h e y  a r e  a p p ro x im a te  fo rm u la s  w hich  a r e  b a s e d  on  t h e
a p p ro x im a te  a n a l y t i c  A i r y - f u n c t i o n  s o l u t i o n  t o  t h e  s e c o n d - o r d e r  d i f f e r e n ­
t i a l  e q u a t i o n  [ e q .  ( v , 2 ) ] ,  I t  hap p en s  t h a t  o u r  a p p ro x im a t io n  t o  
i s  no t u n i t a r y ,  s o  e q .  [VI.2U] and  e q .  ( V I .25)  a r e  n o t  e q u i v a l e n t .  
E x a m in a t io n  o f  b o th  foruiH has  l e d  t o  t h e  c o n c l u s i o n  t h a t  eq .  ( V I .2 5 )  i s  
t h e  more a c c u r a t e  o f  t h e  two and v e  hav e  u sed  t h i s  form in  a l l  f u r t h e r  
a n a l y s i s .
From e q ,  ( v . 2 8 b) I s  g iv e n  by
1 y ,  1 >4. , ci
« f«  * ( V I . 26)
-  $ ? , ] r « ’l 3(t,E") t K>^ -T S.-ly,)] |
The i n t e r p r e t a t i o n  o f  eq , ( V I .26) i s  s t r a i g h t  fo r w a rd  -  ^  i s  t h e
p r o b a b i l i t y  a m p l i t u d e  t h a t  t h e  e l e c t r o n  w i l l  make a  t r a n s i t i o n  from  t h e  
bound  s t a t e  a t  t  = - »  t o  a  continuum s ta te  Of e n e rg y  n e a r  E a t  t  ^  +■» . 
T h e re  a r e  t h r e e  b a s i c  ty p e s  o f  p a th s  w hich w ould l e a d  t o  t h i s  t r a n s i t i o n :
( i )  t h e  e l e c t r o n  c o u ld  make a  t r a n s i t i o n  from t h e  bound s t a t e  t o  t h e
Tfl
con tinuum  s t a t e  o f  en e rg y  E on t h e  in co m in g  p a r t  o f  t h e  t r a j e c t o r y  and 
rem a in  i n  t h a t  s t a t e j  ( i i )  t h e  e l e c t r o n  c o u ld  re m a in  i n  t h e  hound a t a t e  
on  th e  incom ing  p a r t  o f  t h e  t r a j e c t o r y  and o n ly  make a  t r a n s i t i o n  t o  
t h e  con tinuum  on t h e  o u tg o in g  p a r t  o f  t h e  p a t h ;  ( i i i )  t h e  e l e c t r o n  
c o u ld  make a  t r a n s i t i o n  to  a n  I n t e r m e d i a t e  co n t in u u m  s t a t e  E T on t h e  
incom ing  p a r t ,  and t h e n  on t h e  o u tg o in g  p a r t  jump back i n t o  t h e  bound 
s t a t e  and th e n c e  t o  t h e  f i n a l  co n tin u u m  s t a t e  (F ig *  V I - 1 ).  The f i r s t  
t e rm  o f  eq* ( V I ,2 6 ) c an  be  i n t e r p r e t e d  a s  t h e  a m p l i tu d e  f o r  p a th s  ( I )  
and ( i l ) .  T h is  te rm  i s  p r o p o r t i o n a l  t o  V™ ( f i r 3t  power o f  t h e  c o u p l in gfhU
b e tw een  t h e  bound a n d  con tinuum  s t a t e s ) .  I t  I s  e x p o n e n t i a l l y  s m a l l  f o r  
E > > Eq , r e p r e s e n t i n g  th e  f a c t  t h a t  c l a s s i c a l l y  no d e tac h m e n t  t a k e s  p l a c e  
t o  s t a t e s  o f  E > » E^. For E <<  Eq t h i s  t e r m  i s  o s c i l l a t o r y ,  r e p r e s e n t i n g  
t h e  l n t e r f e r e n c e  b e tw een  th e  tw o p a t h s , The s e c o n d  te r m  c o n t a i n s  t h e  
a m p l i tu d e  f o r  a l l  p o s s i b l e  t r a n s i t i o n s  c o v e r e d  In  ( H i ) .  T h i s  t e r m  i s  
p r o p o r t i o n a l  t o  (V „ „ V „  V„, * } ,  a  r e f l e c t i o n  o f  t h e  f a c t  t h a t  two i n t e r -
L iU  V f j  Jii U
m e d ia te  t r a n s i t i o n s  occur*  Q u a n t i t a t i v e l y ,  i t  a p p e a r s  t h a t  s i n c e  V^q i s  
t y p i c a l l y  s m a l l  ( e . g .  V -*t Q.Q3 f o r  -  He) t h e n  a  t e r m  w h ich  i s  e f -
JiU
f e c t i v e l y  c u b ic  In  t h i s  p a r a m e te r  can be  n e g l e c t e d .  P h y s i c a l l y ,  when 
t h e  e l e c t r o n  becomes unbound I t  l e a v e s  t h e  n u c l e i  q u i c k ly  enough t h a t  
t h e  l i k e l i h o o d  o f  i t  becom ing reb o u n d  and m aking  a n o t h e r  t r a n s i t i o n  t o  
a  new continuum  s t a t e  i s  v e ry  s m a l l ,  n e g l e c t i n g  t h i s  t e r m  g iv e s  a  
s im p le r  r e s u l t ,
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and s u b s t i t u t i n g  t h i s  r e s u l t  i n t o  eq.. (VI. 25) g iv e s
(VI . 28}
C. P r o p e r t i e s  o f  t h e  S u rv iv a l  P r o b a b i l i t y
F ig u re s  V I -2 ,  VI-3, VI-it show t h e  r e s u l t  p r e d i c t e d  by
eq. (V I .28} fo r  p a ra m e te rs  t h a t  a r e  c h a r a c t e r i s t i c  o f  r e a l  c o l l i s i o n
The r e s u l t s  a r e  b a s e d  on th e  form o f  G(G } d e r iv e d  in C h a p te r  I I I  -  
e q s ,  ( i l l . l l ) ,  ( I I I . 1 2 ) ,  and (1 1 1 .2 0 ) .  The p r e d i c t i o n s  o f  t h e  l o c a l -  
c o m p le x -p o te n t ia l  model a re  a l s o  p r e s e n te d  in  t h e s e  f i g u r e s .
c o m p le x -p o te n t ia l  i n  e s s e n t i a l l y  t h r e e  ways, ( l )  The A iry  f u n c t i o n  b e ­
h a v io r ,  w hich d e s c r i b e s  the  detachm ent p ro c e s s  in  the  r e g io n  o f  t h e  
tu rn in g  p o i n t ,  a l lo w s  detachment a t  e n e r g ie s  below the  e n e rg y  a t  w hich 
t h e  bound s t a t e  c r e s s e s  in to  t h e  continuum . The p r o b a b i l i t y  o f  d e t a c h ­
ment i s ,  how ever, v e ry  sm all in  t h i s  r e g io n ,
by a  p e r t u r b a t i o n  t h e o r y  s o lu t i o n  o f  eqE. ( I I . 1 2 ) fo r  t h e  q u a d r a t i c  m odel. 
T ran ifo rm in g  eqs , ( I I .  12} a c c o rd in g  t o
systerna n e a r  t h r e s h o l d  ( 1G- ^ < JB < i o _ ^ f - . 0 5  < EQ < . 0 9 ,  -  ,0 5 ) .
E q u a tio n  (V I.28) has m o d if ied  t h e  p r e d i c t i o n s  o f  t h e  l o c a l -

































































































































‘.t , d & t'l *  [  J E  e « ? T I  f  (tf h V E \ * H ' J  (VI.30a}
j t  J  L H *
C K p [ - l  - £ )  J t ‘ ]  ( V I, 30b )
2
The r i g h t  h an d  a id e  o f  e q .  ( V I, 30s-) i s  o f  o r d e r  V .„  oo i t  can  he  n e g -■pCJ
l e c t e i  i n  f i r s t  o r d e r t and  we S e t
C^C’L'I c o , u + * r v t  = 1  (V I. 31)
Then eq .  (V I ,3 0 b )  c a n  be  s o l v e d  im m e d ia te ly
Ce t t \  = V „  f  € x p  J-fe ( V I . 32)
f t f  -mt> ^  ^
The i n t e g r a l  i n  eq .  ( V I , 32) l a  s im p ly  t h e  i n t e g r a l  r e p r e s e n t a t i o n  f o r
th e  A iry  f u n c t i o n  , A i ,
t i t )  = *2T V. (vi.33)
^  \ j p  e*  v * * * 1
By s u b s t i t u t i n g  e q ,  (V I .3 3 )  i n t o  e q .  ( V I , 32} , ue  f i n d
(V I .  3*0
■0
e ‘ " s s .  I je r t n  [ AH y ? i f  (vi-35)
35
A s i m i l a r  fo rm u la  was g iv e n  by M i l l e r .  C a r e f u l  ex am in a tio n  r e v e a l s
t h a t  eq ,  [1/1.35) and e q ,  ( V I ,£8 ) a r e  in  e x a c t  agreem ent in  t h e  l i m i t  
t h a t  Eq < < 0 ; in  t h i s  r e g io n  ^  t  & ®°0fi *
These e q u a t io n s  show a g a in  t h a t  a l th o u g h  de tach m en t l a  p r e d i c t e d  f o r  
Eq < 0 *  ax ) i  t h i s  de tachm ent i a  e x p o n e n t i a l l y  sm a ll .
(2 ) The o s c i l l a t i o n s  o f  t h e  A iry  fu n c t io n  leav e  r e s i d u a l  
w ig g le s  in  th e  s u r v i v a l  p r o b a b i l i t y  even though  eq .  (V I ,28) c o n ta in s
an i n t e g r a l  o v e r  t h e  A iry  f u n c t io n  o s c i l l a t i o n s .  The o s c i l l a t o r y  n a tu r e  
o f  13 an im p o r ta n t  p r e d i c t i o n  o f  t h i s  t h e o r y .  These o s c i l l a t i o n s
were i n t e r p r e t e d  i n  t h e  d i s c u s s io n  o f  F ig ,  VI-1 as  r e p r e s e n t in g  i n t e r ­
f e r e n c e  between th e  two p a th s  l e a d i n g  t o  one f i n a l  s t a t e  ( S tu e c k e lb e r g  
o s c i l l a t i o n s ) .  Such o s c i l l a t i o n s  have  been r e c o g n is e d  fo r  many y e a r s  
in  s i t u a t i o n s  i n v o lv in g  c r o s s in g s  b e tw een  two o r  more d i s c r e t e  l e v e l s .  
The p r e s e n t  th e o r y  i n d i c a t e s  t h a t  such  o s c i l l a t i o n s  should  a l s o  a p p e a r  
in  c r o s s in g s  between a  d i s c r e t e  s t a t e  and a  continuum .
The r e s i d u a l  w ig g le s  i n  t h e  s u r v i v a l  p r o b a b i l i t y  a re  s m a l l .  
A c tu a l ly  t h e  s u r v i v a l  p r o b a b i l i t y  i s  a  m onotonic fu n c t io n  o f  , w ith  
o s c i l l a t i o n s  abou t a  sm oo th ly  d e c r e a s in g  a v e r a g e .  These o s c i l l a t i o n s  
a r e  p ro b a b ly  n o t  o b s e r v a b le .  On t h e  o t h e r  h an d , t h e  o s c i l l a t i o n s  i n
-A sh o u ld  be o b s e r v a b le  In  t h e  energy  sp ec tru m  o f  de tached  e l e c t r o n s ?EO
39and a r e c e n t  m easurement may have i d e n t i f i e d  such  o s c i l l a t i o n s .
(3 )  At t h r e s h o l d ,  i f  £ ( €  ) i n c r e a s e s  as £  tl , t h e n  i n  th e  
c l a s s i c a l  l o c a l - c o m p l e x - p o t e n t i a l  model t h e  s u r v i v a l  p r o b a b i l i t y  h a s  a  
d is c o n t in u o u s  d e r i v a t i v e  [ F ig s ,  V I-2  t o  V l - h ) .  In  t h e  new fo rm u la ,  t h e  
s u r v i v a l  p r o b a b i l i t y  i s  sm ooth , s lo w ly  d e c r e a s in g  w i th  in c r e a s in g
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f o r  Eq <  0 ,  th e n  more r a p id ly  d e c r e a s i n g  f o r  Eq > 0- T h is  r e s u l t  i s
t o  he expec ted*  However, t h e  s l a e  o f  t h e  d i s c r e p a n c y  betw een  t h e  two 
Is  l a r g e r  th a n  m ight have been e x p e c te d .  For exam ple , f o r  = 10 ,
Eq = 0 ,0 0 5 ,  t h e  s u r v i v a l  p r o b a b i l i t y  p r e d i c t e d  by t h e  c l a s s i c a l  co m p lex -  
p o t e n t i a l  model i s  about 0 . 2J+ w h ile  t h a t  p r e d i c t e d  by  t h e  p r e s e n t  fo rm u la  
i s  ab o u t 0 . 7 5 - I t  i s  i n t e r e s t i n g  t h a t  th e  new fo rm u la  g e n e r a l l y  p r e ­
d i c t s  l e s s  de tachm ent j u s t  above t h r e s h o l d  th an  does t h e  o ld e r  o n e .
D, C ro ss  S e c t io n s  f o r  the  H-  -  He System
1 .  P o t e n t i a l  C u r v e s  a n d  C ( £  )
C a l c u la t io n  o f  c ro s s  s e c t i o n s  by any method r e q u i r e s  t h a t  
th e  p o t e n t i a l  cu rv e s  fo r  th e  i o n i c  and n e u t r a l  sys tem s be known. S e l f -  
c o n s i s t e n t - f i e l d  c a l c u l a t i o n s  o f  t h e  ground n e g a t iv e  io n  and n e u t r a l  
p o t e n t i a l  energy  cu rv e s  fo r He li hav e  r e c e n t l y  been rnade.^" These 
cu rves  p ro v id e  an e s t im a te  o f  t h e  l o c a t i o n  o f  t h e  e n e rg y  th r e s h o ld  and 
a n g u la r  t h r e s h o ld  f o r  e l e c t r o n  d e ta c h m e n t . The a c c u ra c y  o f  t h e s e  c u r v e s  
i s  u n c e r t a i n ,  how ever, and th ey  d i f f e r  somewhat from p o t e n t i a l s  ob­
t a in e d  by  Lam e t  a l . ^  th rough  th e  i n t e r p r e t a t i o n  o f  e x p e r im e n ta l  d a t a  
u s in g  t h e  c l a s s i c a l  lo c a l - c o m p le x - p o te n t i a l  model.
In t h i s  c a l c u l a t i o n  we have used  a n a l y t i c  p o t e n t i a l  c u rv e s  
which, e x c e p t  in  one r e s p e c t ,  were v e ry  d o s e  to  th o s e  o b ta in e d  by 
Olson and L iu , The a n a l y t i c  p o t e n t i a l s  used  were ( a to m ic  u n i t s )
V.ei, ( M =  L 2 S S  e , p  R )  ( v j  3£i)
07
ej( ^ « o ^ o  R.) -i- . o m
fvi.37)
^ n e u t r a l ^  a g r e e s  v e ry  w e l l  w ith  t h e i r  c a l c u l a t i o n .  However , t h e  i o n i c  
p o t e n t i a l  c a l c u l a t e d  by O lson  and L iu  c r o s s e s  i n t o  t h e  co n t in u u m  and 
th e n  a t  s m a l l e r  H c r o s s e s  b a c k  o u t ,  a p p a r e n t l y  t o  d e s c r i b e  t h e  ( a t a h l e )  
s t a t e  o f  t h e  u n i t e d - a to m  n e g a t i v e  i o n  L i - . T h is  d o u b le  c r o s s i n g  c a n n o t  
be  f u l l y  d e s c r i b e d  by t h e  p r e s e n t  m o d e l , so  we have c h o s e n  t h e  a n a l y t i c  
form  o f  t h e  p o t e n t i a l s  in  su ch  a way t h a t  o n ly  one c r o s s i n g  a p p e a r s .
i n p u t  f o r  t h e  c r o s s  s e c t i o n  c a l c u l a t i o n  i s  0 ( t  ) ,  A f u l l  c a l c u l a t i o n  o f  
t h i 3 q u a n t i t y  h a s  n e v e r  b e e n  made f o r  any  n e g a t i v e - i o n  sy s te m . L i t t l e  
i s  known ab o u t t h e  ran g e  o f  p o s s i b l e  b e h a v i o r  o f  t h i s  f u n c t i o n ,  b u t  some 
o f  i t s  q u a l i t a t i v e  f e a t u r e s  w ere  d i s c u s s e d  i n  C h a p te r  I I I ,  F o r  t h e  p r e ­
s e n t  s tu d y  v e  t o o k  G(C ) t o  hav e  th e  fo rm  g iv e n  in  e q s . ( I l l .1 2 )  and
f o l l o w i n g  way; For each a n g u l a r  momentum A and c e n t e r  o f  mass c o l l i s i o n  
e n e rg y  £  ,
( i )  The s c a t t e r i n g  a n g le  © was c a l c u l a t e d  from  t h e  WKB a p ­
p r o x im a t io n  f o r  t h e  e l a s t i c  s c a t t e r i n g  p h a se  s h i f t  ^  f o r  t h e  r e a l  
p o t e n t i a l  c u r v e ,  V, ( D) ,  a c c o r d in g  t o  e q .  ( V I . 2 2 ) .
B e s id e s  t h e  p o t e n t i a l s ,  t h e  o t h e r  q u a n t i t y  t h a t  i s  n e e d e d  a s
( I I I . 20)  w i th  p a r a m e te r s  EQ, VQ, r Q g iv e n  i n  F i g . I I I - 2  and a ^ , 
g ive tl  i n  F i g s .  I I I - 6  and  I I T - 7 ,  b u t  w i th  = 0 .0 9 -  
£. E l a s t i c  D i f f e r e n t i a l  C ro s s  S e c t io n
The e l a s t i c  d i f f e r e n t i a l  c r o s s  s e c t i o n  was c a l c u l a t e d  in  t h e
06
( i i )  The t u r n i n g  p o in t  R. was d e te rm in ed  and t h e  c o l l i s i o nt p
p a ra m e te rs  r e l a t e d  t o  t h e  p a ra m e te rs  and , by
^  ' ' i o n ' V ( V i , 36)
( V I .39)
where ? I s  an averag e  f o r c e  a t  t h e  t u r n i n g  p o in t .  Th is  averag e  f o r c e
may be t a k e n  to  be t h e  a r i t h m e t i c  a v e ra g e  1 / 2  [F, + F . , ) :  i t  i s^  io n  n e u t r a l
r e c o g n is e d  t h a t  i f  t h e  p a r t i c u l a r  a v e ra g e  used  makes a  d i f f e r e n c e , th e n  
t h e  c l a s s i c a l  t r a j e c t o r y  f o r m u la t io n  i s  i t s e l f  n o t  v a l i d .
t a i n e d  from e ^ .  (V I.2 1 } . The r e s u l t  a t  £  = 6  eV i s  shown i n  F ig ,  V I-5 ,  
a lo n g  w ith  c o r re sp o n d in g  e x p e r im e n ta l  d a t a .  The d a ta  does n o t  show a 
c l e a r  l o c a t i o n  fo r  t h e  o n s e t  o f  d e tach m en t b u t  t h e  t h r e s h o l d  might be in  
t h e  v i c i n i t y  o f  T  = t ©  -  176 e V -d eg ree a .  The c a l c u l a t i o n  shows th e  
o n s e t  a t  ab o u t T  = 136 e V -d e g re e s ,  The d is c r e p a n c y  co u ld  be due t o  
in a c c u ra c y  o f  t h e  assumed p o t e n t i a l  c u r v e s ,  b u t  t h e  d a ta  i s  no t s u f f i ­
c i e n t l y  p r e c i s e  t o  f o r c e  t h i s  c o n c lu s io n .
The th e o ry  p r e d i c t s  in  t h i s  c a s e  t h e  " c o n v e n t io n a l"  i s o to p e  
e f f e c t ,  in  which th e  h e a v i e r  and s lo w er  i s o t o p e  g iv e s  more de tach m en t.























































In  t h e  d i f f e r e n t i a l  c r o s s  f le c t io n  t h e  e f f e c t  i a  a m a l l  and  b a r e l y  m e a s u re -
15a b l e .  T h is  e f f e c t  h ad  a l r e a d y  b e e n  o b s e r v e d  by Lam e t  a l .
3. T o t a l  C ro 3_a_ S e c t i o n
The t o t a l  c ro o s  s e c t i o n  wag c a l c u l a t e d  u s in g  e q ,  ( V I .23 )  and
ho
i t  i s  compared t o  t h e  e x p e r im e n t a l  d a t a  o f  Champion e t  a l .  i n  F i g .  V I-6 . 
T h is  c a l c u l a t i o n  a g r e e s  w ith  t h e  d a t a  f o r  t h e  t o t a l  c r o s s  s e c t i o n  t o  
b e t t e r  th an  10# f o r  t h e  e n e r g i e s  g r e a t e r  th a n  eV; how ever „ f o r  s m a l l e r  
e n e r g i e s  d is a g r e e m e n t  i s  s u b s t a n t i a l  (30#  -  *+0#). In  t h i s  c a s e ,  t h e  d i s ­
c rep an c y  may a r i s e  from th e  e x p e r i m e n t a l  d a t a .  The beam u s e d  in  t h i s  
ex p er im en t h ad  a  l a r g e  u n c e r t a i n t y  i n  i t s  e n e r g y , w i t h  p e r h a p s  a s  much 
as  5 eV f u l l - w id th - a t - h a l f - m a x im u m .  Hence th e  d a t a  n e a r  t h r e s h o l d  
a r e  n o t  d e f i n i t i v e .
The t o t a l  c r o s s  s e c t i o n  a l s o  shows t h e  1 ' c o n v e n t i o n a l "  i s o t o p e  
e f f e c t ,  and t h e o r y  an d  e x p e r im e n t  a r e  i n  a c c o rd  on  t h e  s ifce  o f  t h i s  



































In  t h i s  t h e s i s  n new fo r m u la t io n  o f  t h e  th e o ry  o f  e l e c t r o n  
detachm ent has  been p re sen te d  and u sed  to  a n a ly s e  e x p e r im e n ta l  d a t a .
A p r e c i s e  s ta t e m e n t  o f  th e  a ssu m p tio n s  in v o lv e d  i n  ou r  f o r m u la t io n  has  
accompanied each  Htep Of th e  developm ent.  The m a jo r  a s su m p tio n s  in v o lv e d  
in  t h e  fo r m u la t io n  o f  th e  th eo ry  w e re ;  ( l )  d e s c r i b i n g  th e  n u c l e a r  mo­
t i o n  s e m i c l a s s i c a l l y , and thus  r e d u c in g  th e  p ro b le m  t o  a  c l a s s i c a l  
t r a j e c t o r y  fram ework; (3) assum ing th e  e x i s t e n c e  o f  an o r th o g o n a l  d i a ­
b e t i c  r e p r e s e n t a t i o n  in  which one d i s c r e t e  bound s t a t e  c r o s s e s  a  con­
tinuum  Of unbound s t a t e s ;  (3 ) n e g l e c t i n g  c o u p l in g  between one continuum  
s t a t e  and a n o th e r  end PggT) n e g l e c t i n g  t h e  R d ependence  o f
th e  c o u p l in g  between th e  d i s c r e t e  s t a t e  and e ac h  con tinuum  s t a t e  ( V - -Ujij
in d e p en d e n t  o f  R}; and ( h ) a p p ro x im a tin g  t h e  e n e rg y  gap be tw een  t h e  
d i s c r e t e  s t a t e  and th e  continuum s t a t e s  ( V l n -  V ™ )  by a  l i n e a r  o r  aUU £t£l
q u a d r a t i c  f u n c t io n  o f  tim e.
The f i r s t  t h r e e  s te p s  r e d u c e d  th e  f u l l  S c h r o e d in g e r  e q u a t io n  
t o  a  s i n g l e  d i f f e r e n t i a l  eq u a tio n  a n d  an accom panying s e t  o f  a lg e b r a i c  
e q u a t io n s .  Th is  d i f f e r e n t i a l  e q u a t io n  c o n ta in s  a  Cauchy i n t e g r a l ,  G (€  ) , 
which d e s c r ib e s  t h e  coup ling  betw een th e  d i s c r e t e  s t a t e  and  th e  co n tinuum ; 
t h e  g e n e r a l  p r o p e r t i e s  o f  t h i s  f u n c t i o n  were a s c e r t a i n e d  and  a  p a r t i c u l a r
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form  was d e r iv e d  fro m  a  o n e - d im e n s io n a l  p o t e n t i a l  s c a t t e r i n g  m o d e l .
Good a p p ro x im a te  s o l u t i o n s  f o r  t h e  d i f f e r e n t i a l  e q u a t i o n  w ere  t h e n  
c o n s t r u c t e d .
The s o l u t i o n  o f  t h e  d i f f e r e n t i a l  e q u a t i o n  s u b j e c t  t o  t h e  
l i n e a r  model ( c o n s t a n t  r a d i a l  v e l o c i t y  a p p r o x i m a t i o n ) ,  t o g e t h e r  w i th  
t h e  a ssu m p t io n  t h a t  t h e  t u r n i n g  p o i n t  i s  f a r  i n t o  t h e  c o n t in u u m ,  l e d  
t o  t h e  r e s u l t s  p r e d i c t e d  by t h e  l o c a l  com plex p o t e n t i a l  m o d e l .  T h is  
d e v e lo p m en t  th e n  g a v e  a  p r o o f  o f  t h e  v a l i d i t y  o f  t h e  c o m p l e x - p o t e n t i a l  
m odel u n d e r  t h e  g iv e n  c o n d i t i o n s .  I t  i s  S i g n i f i c a n t  t h a t  i t  was n o t  
n e c e s s a r y  t o  a s s u r e  t h e  e x i s t e n c e  o f  a  n a r ro w  r e s o n a n t  s t a t e *  o r  t h e  
e x i s t e n c e  o f  some k in d  o f  p o t e n t i a l  b a r r i e r  im p ed in g  t h e  e s c a p e  o f  t h e  
e l e c t r o n ,  lienee t h e  c o m p l e x - p o t e n t i a l  model may b e  v a l i d  ev en  i f  t h e  
c o u p l in g  betw een  t h e  d i s c r e t e  s t a t e  and t h e  co n tin u u m  i s  s t r o n g  and 
decay  i s  r a p i d .
The a p p ro x im a te  a n a l y t i c  s o l u t i o n  t o  t h e  d i f f e r e n t i a l  e q u a t i o n  
r e p r e s e n t i n g  t h e  q u a d r a t i c  a p p r o x im a t io n  t o  t h e  e n e rg y  g ap  V qq -  ^*EE 
l e d  t o  a  new fo rm u la  f o r  t h e  - m a t r i x .  An a c c u r a t e  d e s c r i p t i o n  o f  
t h e  t u r n i n g  p o i n t  r e g i o n  w here  t h e  c o n s t a n t  r a d i a l  a c c e l e r a t i o n  a p p r o x i ­
m a tio n  i a  more a c c u r a t e  t h a n  t h e  c o n s t a n t  r a d i a l  v e l o c i t y  a p p r o x i m a t i o n , 
e n a b le d  us t o  d e s c r i b e  t h e  d e ta c h m e n t  p r o c e s s  i n  t h e  v i c i n i t y  o f  t h e  
t h r e s h o l d  r e g io n .  T h is  t h e o r y  a l s o  p r e d i c t e d  t h e  e x i s t e n c e  Of S tu e c k e l b e r g  
o s c i l l a t i o n s  i n  t h e  s u r v i v a l  p r o b a b i l i t y  and  i n  t h e  p r o b a b i l i t y  d e n s i t y  
f o r  d e tac h m e n t  o f  a n  e l e c t r o n  t o  a  p a r t i c u l a r  co n t in u u m  s t a t e .  Such 
o s c i l l a t i o n s  e x i s t  f o r  d i s c r e t e  c u r v e  c r o s s i n g s ,  an d  a l s o  have  b e en
9U
lAp r e d i c t e d  i n  M i l l e r ' s  p a p e r  on P en n in g  i o n i z a t i o n i  however c e r t a i n  
o t h e r  t h e o r i e s  o f  e l e c t r o n  de tachm ent do n o t  p r e d i c t  such  o s c i l l a t i o n s .
The t h e o r y  d ev e lo p ed  was u sed  t o  an a ly z e  d i f f e r e n t i a l  and  t o t a l  
c r o s s  s e c t i o n s  f o r  \i~  -  He and D-  -  He c o l l i s i o n s .  Agreement w ith  t h e  
d a t a  i s  good,
B, F u r th e r  Development o f  t h e  Theory
T h is  r e s e a r c h  has  p ro v id e d  a new framework f o r  th e  t h e o r y  o f  
e l e c t r o n  d e ta c h m e n t ; t h e  Framework h a s  been d ev e lo p ed  s u f f i c i e n t l y  f a r  
t o  o b t a i n  a new fo rm u la  f o r  t h e  X  -  m a t r ix  and t h e  s u r v i v a l  p r o b a b i l i t y ,  
and t h i s  fo rm u la  has been  u sed  t o  c a l c u l a t e  c ro s s  s e c t i o n s  f o r  t h e  
H -  He sy s tem . F u tu re  work shou ld  b e  o r i e n t e d  to w a rd  f u r t h e r  d e v e lo p ­
ment o f  th e  g e n e r a l  framework and to w a rd  a n a l y s i s  o f  s p e c i f i c  sy s te m s .
The Cl -  Ar sy s te m  i s  a p ro m is in g  c a n d id a te  fo r  s tu d y ,  
I f a r t r e e -F o c k  p o t e n t i a l  c u rv e s  have been  c a l c u l a t e d ,  and  very  d e t a i l e d  
e x p e r im e n ta l  s t u d i e s  have  been  c a r r i e d  o u t .  A l l  o f  t h e  assum ptions  u sed  
i n  t h e  p r e s e n t  th e o r y  a r e  b e l i e v e d  t o  h o ld  f o r  t h i s  sy s tem , a t  l e a s t  a t  
e n e r g i e s  s u f f i c i e n t l y  c l o s e  to  t h r e s h o l d .  C a l c u l a t i o n s  a p p ly in g  th e  
t h e o r y  t o  t h i s  system  s h o u ld  be v e ry  i n t e r e s t i n g .
The r e c e n t  a p p a r e n t  o b s e r v a t io n  o f  some s t r u c t u r e  in  t h e  energy  
sp e c tru m  o f  d e ta c h e d  e l e c t r o n s  i s  v e ry  im p o r ta n t .  I f  t h e  o b s e r v a t io n s  
a r e  c o n f i rm e d ,  t h e  energy  sp ec tru m  s h o u ld  be  c a l c u l a t e d  u s in g  th e  new 
fo rm u la  f o r  X  t o  s e e  w h e th e r  t h e  e x p e r im e n ta l  s t r u c t u r e  a g re e sLU
q u a n t i t a t i v e l y  w i th  t h e  p r e d i c t e d  S tu e c k e lb e r g  o s c i l l a t i o n s .
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On t h e  more t h e o r e t i c a l  s id e . ,  t h e r e  a r e  c e r t a i n  v a y a  i n  v h lc h  
th e  t h e o r y  c o u ld  be m odified  t o  make i t  more a c c u r a t e .  For ex am p le ,  
th e  q u a d r a t i c  model can  only be q u a n t i t a t i v e l y  a c c u r a t e  i n  a  l i m i t e d  
reg io n  a b o u t  t h e  tu r n i n g  p o in t .  I n  p r i n c i p l e ,  more a c c u r a t e  models 
vould r e q u i r e  t h e  s o lu t io n  to  a h i g h e r  o rd e r  d i f f e r e n t i a l  e q u a t i o n ;  
however, i n  p r a c t i c e ,  s u f f i c i e n t l y  a c c u r a t e  ap p ro x  i  mat lo n e  s h o u ld  n o t  
be d i f f i c u l t  t o  o b t a in .  Other a s s u m p t io n s  o f  t h e  t h e o r y  ( s u c h  a s  th e  
assumed R -independence  o f  V*™) c an  a l s o  be m o d i f i e d ,  bu t a t  some c o s tbU
t o  th e  s i m p l i c i t y  o f  t h e  r e s u l t s .
F i n a l l y ,  a  g r e a t  d ea l  o f  r e s e a r c h  i s  needed  on t h e  n a t u r e  o f  
t h e  c o u p l in g  i n t e g r a l  G [ C ) ,  We l i s t e d  varloUE l e v e l e  o f  a p p ro x im a t io n  
t h a t  c an  be  used  i n  t h e  c a l c u l a t i o n  o f  t h i s  q u a n t i t y ,  A f u l l  and  ac ­
c u ra te  at^ i n i t i o  c a l c u l a t i o n  o f  G{ £  } f o r  a r e a l  n e g a t i v e  io n  sys tem  
vould b e  a  v e ry  c h a l l e n g in g  p r o j e c t .
APPENDIX A
PROPERTIES OP 3EMICLAS3ICAL SCATTERING THEORY29
T h i s  s e c t i o n  p r o v i d e s  a  b r i e f  r e v ie w  o f  some s im p le  s c a t t e r i n g  
t h e o r y  c o n c e p t s  -  s p e c i f i c a l l y , t h e  e v o l u t i o n  m a t r i x  (j and  i t B  r e l a t i o n  
t o  t h e  s c a t t e r i n g  m a t r ix  EL
When s o l v i n g  th e  S c h r o e d in g e r  e q u a t i o n
VK < L  £.«* * V CIV) U . i )
A t
i t  i s  c o n v e n ie n t  t o  i n t r o d u c e  t h e  e v o l u t i o n  m a t r i x ,  (J d e f i n e d
by t h e  r e l a t i o n
C t V |  -  G C ( A.£)
Im m ed ia te ly  I t  can  b e  shown t h a t  (S obeys t h e  same d i f f e r e n t i a l  e q u a t i o n  
as C.
Tfc 4 -  s: V C  ( t , t ^  fA .3 )
A t. -
and s a t i s f i e s  t h e  boundary  c o n d i t i o n
f i t t . i V  1 1  i A -h)
From (A .2} and t h e  p r o p e r t y  t h a t  I s  H e r m i t ! a n ,  t h e  f o l l o w i n g  
p r o p e r t i e s  o f  G may h e  e s t a b l i s h e d
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i )  "  &G+ -  X. ( a , 5 }
i i J  f a r a l l t ,  t Q (A.6)
U i )  d e t  £ l t vt #W  1  (A,t )
I f  we l e t  t Q "  0 c o r re sp o n d  t o  t h e  t im e  a t  th e  t u r n i n g  p o in t ,
th e n  th e  t r a j e c t o r y  e q u a t io n s  ( A . l )  have t h e  symmetry p r o p e r ty
V t " t l  -  V *  U  (A.8)
T h e re fo re
i l h i .  -  VOt'l £ ( ' t Jo') (A,9)
J t
1* L  G ^ a \ - V t-U G t ^ (o) U.io)
4 W "
*ti i_ s V t . o ' i   ^ v V l ' i  G (A.XI)
d t  “
T1i ± _  s V t ^ *  G V t . o i  (A 1 2 )
A t ~
ft
In  o t h e r  words G ( t t O) and £  ( - t , 0 )  obey th e  seme d i f f e r e n t i a l  
e q u a t i o n ,  (A ,9} and {A.1 2 ) ,  and s a t i s f y  t h e  same boundary c o n d i t i o n ;  
th u s  th ey  a r e  e q u a l .
G * G V t (tO (A.13)
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U sing  t h i s  r e s u l t *  (A ,1 3 ) f and t h e  u n i t a r i t y  c o n d i t i o n  o f  G i t  f o l lo w s  
t h a t
C iV \  i  C.t-t.'J (A,lU)
= G < v t )  G ( » r t ) U < i 5 )
v h e r e  £  la  t h e  t r a n s p o s e  o f  C.
O bservab les  o f  a  c o l l i s i o n  which can  be  p r e d i c t e d  by ( A . l )  
can a l l  be in c o rp o ra te d  in  a m a t r ix  S_, where
C “ S (,<•©,-"«») C l r *>) < A .l6 )
From ( A . lb )  and {A,15) ve see  t h a t  i n  th e  l i m i t  o f  t  - * »
~ G ( « , o )  G ( * , - « )  (A,17)
= G G (A .lf l )
“  G  ( V ® )  j"°*l fA. 19)
The e s s e n t i a l  o b s e r v a t io n  to  be made i s  t h a t  E3 can  be d e t e r ­
mined from a  Knowledge o f  G f o r  p o s i t i v e  tim e  o r  f o r  n e g a t i v e  t im e .  
T h is  s i m p l i f i c a t i o n  e n ab le s  one t o  s o lv e  (A . l )  f o r  a  s i n g l e  ra n g e  o f  
t  s u b j e c t  t o  boundary c o n d i t io n s  on t h a t  r a n g e . In  t h e  t e x t  G w i th o u t  
v a r i a b l e s  i n d ic a te d  means G( no , 0) and we use  t h e  form (A. 16) t o  c a l ­
c u l a t e  3,
AFFEHPIX B 
DENSITY OF STATES
The d e n s i t y  o f  s t a t e s  f o r  a  p a r t i c l e  i n  a  o n e - d im e n s i o n a l  
s q u a re  w e l l  p o t e n t i a l  hag t h e  same form a s  t h a t  o f  a  f r e e  p a r t i c l e .
In  t h i s  s e c t i o n  t h a t  form s h a l l  he  d e r i v e d .
The u n n o m a l i i e d  ( = Oj c o n t in u u m  wave f u n c t i o n s  f o r  a
p a r t i c l e  s c a t t e r i n g  from a  one~d linens I a n a l  p o t e n t i a l  w e l l  ( F i g .  I I I - 2 )  
may be w r i t t e n  as
f  A t m V , r  , ,  l #
$ t l r '  '  1 r  .a. » ( B. 1 )
l a O * p t - i i v
r *  r*
-  e x p  ( i H , r  + l * \ S \  r > * i
where A, B a r e  n o n -E ero  c o n s t a n t s  d e te r m in e d  from b o u n d a ry  c o n d i t i o n s  
and  n o r m a l i z a t i o n  o f  t h e  wave f u n c t i o n  and i s  t h e  p h a s e  s h i f t
a s s o c i a t e d  w i th  t h e  Jt = 0  wave in  t h e  o u tg o in g  c h a n n e l .  I n  eq.. ( B . l )  
k^ and a r e  d e f in e d  by e q .  ( I I 1 . 5 ) .
The co n tin u u m  wave f u n c t i o n  i s  t o  be  n o r m a l i z e d  i n  a  bo* o f  
l e n g t h  L. A p p ly in g  t h e  b o u n d a ry  c o n d i t i o n  a t  r  -  L r e q u i r e s
«*p[ - Tk t L]  -  « * p \ j  t - o  (B.2]
R e a r r a n g in g  te rm s  one  f i n d s
- i T e w p ( * 1 0^ (B .3 )
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T h is  c o n d i t i o n ,  eq ,  ( B . 3 ) ,  i s  s a t i s f i e d  i f
Vl^L + -  NTT
The d e n s i t y  Of s t a t e s ,  p ( E ) ,  i s  d e f in e d  a s  t h e  number o f  
s t a t e s  p e r  u n i t  en erg y  i n t e r v a l ,  . T h e re fo re
p r  e *) = 
r  dE
■ k  +  1  (B .6 )
V  d t  t r  i t
In  t h e  l i m i t  o f  L ' + i *  t h e  te rm  p r o p o r t i o n a l  to  L w i l l  p red o m in a te  ov e r  
th e  o t h e r  te rm ,  so
p f E 1! '  k  J H t  fB,T)
J TT i t
= L  I I  (B-8)t m  
ITT- \  VW  E >
This  i s  t h e  form f o r  t h e  d e n s i t y  o f  s t a t e s  t h a t  i s  used  
th ro u g h o u t  th e  t e x t  o f  t h e  t h e s i s .
APPENDIX C 
PRINCIPLE OF STATIONARY PHASE
The p r in c ip le  o f  s t a t i o n a r y  p h a s e , f i r s t  a p p l i e d  by Lord
33K e lv in ,  i s  a  u se fu l  method fo r  a p p ro x im a te ly  e v a l u a t i n g  i n t e g r a l s  
o f  t h e  form
X  r  j  {*  ( C . l )
L
I t  la  assumed t h a t  F(x) ia  a  s lo w ly  v a ry in g  f u n c t io n *  i . c * ,  
when 4* ( x ) has changed by 2 IT * F ( ji) has  changed by o n ly  a  s m a l l  
f r a c t i o n  o f  i t s e l f .  When t h i s  i s  t r u e  v a r io u s  e lem en ts  o f  t h e  i n t e g r a l  
w i l l  c a n c e l  by in t e r f e r e n c e  e x c e p t  i n  t h e  re g io n  o f  x = x^ f o r  which 
(x ) i s  s t a t i o n a r y ,  ' ( ^ q ) = 0. A T a y lo r  e x p an s io n  o f  $  {x) in  
t h i s  r e g io n  g iv e s
^  +■1  ( k + J_ t  +  -  (C . 2 )
S ince  t h e  m a jo r  c o n t r ib u t io n  t o  eq,. ( C . l )  comes from x i n  th e  v i c i n i t y  
o f  Xq , t h e  l i m i t s  o f  i n t e g r a t i o n  may he ex ten d e d  t o  m  w i th o u t  i n ­
t r o d u c in g  any a p p re c ia b le  e r r o r .  Thus
•*
X -  (_*♦<■ *jiJ j  e«p J 1 d *  (c.3)
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where F (x )  has b e e n  a p p ro x im a te d  by i t s  v a lu e  a t  t h e  s t a t i o n a r y  p h a s e  
p o i n t  and $  ( x )  has  b e e n  a p p ro x im a te d  try t h e  f i r s t  tw o  te r m s  o f  t h e  
T a y lo r  e x p a n s io n  i n  eq .  ( C .2 ) .  The r e s u l t i n g  i n t e g r a l  i n  eq.. (C .3 )  
i s  w e l l  known, b o  f i n a l l y
\
1  = /  \  e x p (  t i l  s< ini''i ■fcx > exp  £ i ( c . 4)
1  ^  J
I f  xQ c o r r e s p o n d s  to  one o f  t h e  l i m i t s  o f  i n t e g r a t i o n *  t h e  r e s u l t  in  
e q .  (C .lt)  would b e  h a lv e d .  A u s e f u l  c r i t e r i o n  f o r  t h e  v a l i d i t y  o f  
e q .  (fl.it) i s
41 ‘V  « .  I (c.5)
T h is  c o n d i t io n  i s  r e q u i r e d  i n  o r d e r  t h a t  o n ly  two te rm s  i n  t h e  T a y lo r
3  I «
e x p a n s io n  be c o n s id e r e d  e v e n  when (x  -  Xq) * 3 a  nio|i e rfl’t e
m u l t i p l e  o f  2TT .
APPENDIX D
ELECTRON DETACHMENT PROBABILITY IN THE El NEAR MODEL
U sing  t h e  l i n e a r  m odel d e f i n e d  in  C h a p te r  IV , we show h e re  
t h a t  P , t h e  p r o b a b i l i t y  d e n s i t y  f o r  e l e c t r o n  d e tac h m e n t  i n t o  s t a t e siii
o f  e n e r f ^  n e a r  E ,  i s  a l s o  g iv e n  by f o r m u la s  o f  t h e  l o c a l - c o m p l e x -
p o t e n t i a l  m odel.
The r e l a t i o n  b e tw ee n  C„( E 5 an d  CA( £  ) was e s t a b l i s h e d  in
n  U
C h a p te r  I I ,  e q .  ( I I . I B ) .  The t r a n s i t i o n  p r o b a b i l i t y  i s  g iv e n  by
a n a l y s i s  o f  t h e  i n t e g r a l
c  ( t )  = y§p  [  F t t )  e * p . f -.L.
tirrf J c-E L *“ C0
w here F ( E  ) has  b e e n  d e f i n e d  i n  eq .  ( l V , 9 ) .  The c h a r a c t e r i s t i c s  o f  t h i s  
i n t e g r a l  a r e  ( i }  t h e r e  i s  a  p o i n t  o f  S t a t i o n a r y  p h ase  l o c a t e d  a t
, an d  ( i i )  t h e r e  i s  a  s im p le  p o l e  l o c a t e d  a t  €. ■= E.
The i n t e g r a l  i s  t o  b e  done a lo n g  t h e  r e a l  a x i s ,  [ - » , »  ] .  I n t e g r a t i o n
can b e s t  be c a r r i e d  o u t  by  d e fo rm in g  t h e  c o n to u r  t o  t h a t  shown i n  F ig .  D - l .
I n t e g r a t i o n  a lo n g  t h i s  c o n t o u r  c an  be  done by n o t i n g  t h a t  ( i )  t h e  c o n t r i ­
b u t i o n  from  (A ,b )  and  (D ,E ) i s  z e r o  b e c a u s e  e v p  1 E t  ^ goes  t o  ze ro
f o r  Im C. < 0 i n  t h e  l i m i t  t — * ( i i )  t h e  c o n t r i b u t i o n  from t h e  S t a ­
t i o n a r y  p h a se  p o i n t  i s  z e r o  b e c a u s e  r \- F goes  t o  z e r o  in  t h e  l i m i t  
t  »  , and  ( i i i )  t h e  c o n t r i b u t i o n  from  t h e  p o le  can be d e te r m in e d  
from  C a u c h y 's  r e s i d u e  th e o re m . T h u s ,
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F I G U R E  D - l  C O N T O U R  O F  
I N T E G R A T I O N
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(D .2 )
F(Z) can be e v a l u a t e d  by means o f  s t a t i o n a r y  p h ase  i n  t h e  same m anner 
t h a t  F(Eq -  ) was i n  e q ,  ( I V . l U ) .  The lo w er l i m i t  o f  I n t e g r a t i o n
i s  £  ? E, b o  t h e r e  w i l l  e x i s t  a  p o i n t  o f  s t a t i o n a r y  p h ase  w i t h i n  t h e  
l i m i t s  o f  i n t e g r a t i o n  f o r  EQ > E > 0 and none f o r  EQ <  E. Once a g a i n ,  
f o r  t h e  c a se  w here  t h e  t u r n i n g  p o i n t  and  c r o s s i n g  p o i n t  a r e  w e l l  s e p ­
a r a t e d  [ I .e *  E q—+ * »  ) t h e  s t a t i o n a r y  p h a se  m ethod g i v e s  an e x a c t  r e s u l t .
C6 -  -
r  O
(D,3)
H owever, t h e  a n a l y s i s  f a i l s  f o r  E c l o s e  t o  E . F i n a l l y ,  t h e  t r a n s i t i o n
p r o b a b i l i t y ,  e q .  { IV .T } , can b e  d e te r m in e d
J  °  E » > E .
PE ) f ,** ,
T h i3 r e s u l t  i s  i d e n t i c a l  t o  t h a t  p r e d i c t e d  by th e  l o c a l - c o m p l e x - p o t e n t i a l  
m o d e l , eq ,  [ I , U ) .
As d e s i r e d ,  t h e s e  fo rm u la s  [eq- ( IV ,  1 6 ) an d  {D ,ti)]  s a t i s f y  t h e  
c o n d i t i o n  f o r  c o n s e r v a t i o n  o f  p r o b a b i l i t y ,
(D .5 )
APPENDIX E
ALTERNATIVE BOUNDARY CONDITIONS IN THE QUADRATIC MODEL
When t h e  e l e c t r o n  I 3 assumed t o  occupy one o f  th e  continuum  
3 t a t e s  i n i t i a l l y ,  th e  e q u a t io n s  which r e f l e c t  th e  b a s i c  a ss u m p tio n s  of 
ou r  fo rm ulism  [e q s .  (1 1 ,1 8 )  and ( 1 1 , 1 9 )] a re  changed somewhat, and can 
be s o lv e d  u s in g  a  d i f f e r e n t  a p p ro a c h .  The boundary c o n d i t io n s
t  {.t.1 0*1=0
( E . l )
C* t t r  o') e t t E - E ' )
P(r>
m odify t h e  ' ' s u r f a c e "  o r  "inhomOgeneouB11 te rm s which a r i s e  from t h e  
F o u r ie r  t r a n s f o r m a t i o n  o f  e q s ,  ( 1 1 , 1 2 ) t o  fc -  s p a c e .  With t h i s  modi­
f i c a t i o n  t h e  problem  re d u c es  t o  one o f  s o lv in g  t h e  l i n e a r  inhoraogeneous 
o r d in a r y  d i f f e r e n t i a l  e q u a t io n
- 1  rc"E„-G(^i c m  - -X f £.\v* V«' 
« U ' A  L  J  ^  A  U t r J
(E ,2)
and th e  s e t  o f  a l g e b r a i c  e q u a t io n s
Cc tO  - C.IO V _J— S(E-E^
E t - E  e - E .  W ytJ p ( £ \
(E .3 )
G ( € )  I s  s t i l l  d e f in e d  in  eq ,  ( I I . 2 Q ) ,
The d i f f e r e n t i a l  e q u a t io n  can  b e  so lv e d  by th e  method o f  
G re e n 's  f u n c t i o n s .  L e t K(C , x) s a t i s f y  t h e  e q u a t io n
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-  _iT E-^ -GtoT  Ku,** = St£*>0 
J c 1 a  L
i E M
s u b j e c t  t o  t h e  ’boundary c o n d i t io n  t h a t  K( €  , x )  m ust be e x p o n e n t i a l l y  
s m a l l  f o r  l a r g e  p o s i t i v e  £  and r e g u l a r  fo r  l a r g e  n e g a t iv e  £  ;  I t  1 e  
c o n t in u o u s  a t  £  = x ,  bu t has a  d is c o n t in u o u s  d e r i v a t i v e  a t  t h a t
Of!
p o i n t .  For C ^ x t h i s  e q u a t io n  i s  th e  homogeneous c o u n t e r p a r t  to  
eq ,  (V .2 ) ,  f o r  which th e  s o l u t i o n  h a s  been c o n s t r u c t e d  and a n a ly z e d .  
S ta n d a rd  GreenTs fu n c t io n  te c h n iq u e s  y i e l d
r C, ft + <
(£ .5 )
, c f t  f ^ \ + ?
-where t h e  same v a r i a b l e  t r c u is fo rm a t io n  and a p p ro x im a t io n s  were u se d  t h a t  
p ro v e d  e f f e c t i v e  in  o b ta in in g  eq .  [ V .0 ) .  Ai and  Bi a re  t h e  r e g u l a r  and 
i r r e g u l a r  s o l u t i o n s  t o  th e  homogeneous A iry  e q u a t i o n ;  A I d  a n  u n d e te rm in e d  
n o r m a l i z a t i o n  c o n s ta n t .
The d e s i r e d  s o lu t i o n  t o  eq ,  (E .? )  i s  r e l a t e d  t o  K ( t  , x )  by
C t t >  « i  ( 1 VLr' f  K C t j r t J *  (E .6 )
j3 W ir J  J 1 '*dll
and a p p ly in g  eq .  (E .5 )  ve  o b ta in  t h e  u n -n o rm a l iz e d  f u n c t io n
r
< 0  - (*S>) + ^
e
+  A i ( u ,i j  L  + \ J*  I
■® » - e ' J
(E.T)
The c o n s t a n t  A i s  de term ined  when t h e  in v e r s e  F o u r i e r  t r a n s f o r m s  a re  
e v a l u a t e d  in  Appendix F,
APPENDIX F 
THE Gqe;i , (J MATRIX ELEMENTS
The e le m e n ts  Of t h e  f i r e t  column o f  t h e  G -m a tr ix  were o b t a i n e d  
In C h a p te r  V. To c o m p le te  t h e  d e r i v a t i o n  o f  Cl t h e  i n v e r s e  F o u r i e r  
t r a n s f o r m s  o f  e q s . ( E . f )  and  ( E .3 )  m ust b e  e v a l u a t e d .
F i r s t  l e t  us  e v a l u a t e  t h e  i n t e g r a l  f o r  Cfl( t  = 0 ) ,
** f r
ij?'1 i   ^ * x - e*
c
■v J *  1
- «  * -  E '
I n t e g r a t i o n  can b e s t  be  done by c h a n g in g  t h e  o r d e r  o f  i n t e g r a t i o n  su ch  
t h a t
*° r- *c^ttroW v/r t< f f j  + ? Su^vlJe
1 oV) I ■«! X E *■ 0
Z  »
J it _ c> - J
( F . l )
„  X -  E«(D
I
The a p p ro x im a t io n  » etl* (V .1 T ) ,  end t h e  s t a n d a r d  asymp­
t o t i c  i n t e g r a l s  o f  Ai and  Bi g iv e n  i n  e q s .  10. ^ .8 2  -  05 o f  A b ram o v itz  
and  B tegun re d u c e s  eq ,  ( F .2 )  w i t h o u t  f u r t h e r  a p p r o x im a t io n  t o
c . u ^ =  j  J j l , [ ( i + ^ A ^ . T G i c j , , ]  ( f . 3 )
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We will now aet A = 1 ,  and show that the degired boundary 
conditions are satisfied. For A = 1 ,  the integral in eq .  (F ,3 )  can 
be evaluated by contour integration recognising that (l) the contour can 
be clOEed in the upper half plane (ABC in Fig. V-B), (ii) the integrand 
goes to aero as 1 * 1 ^  «  in the upper half plane, (iii) the pole at 
x = E* is located in the lower half plane; therefore CQ (t = 0) = 0.
Then th e  n o rm a l is e d  form f o r  CQ( t )  i s
"  r
t U  -  |  J c  tw p  *« B U ^ l  j
^  ^(D
r t  9
- L  * - i 1 J
(F .h)
In  th e  l i m i t  t  “> «> , a g a in  c a r e f u l  s tu d y  shows t h a t  t h e  i n t e g r a l s  over 
€  can be c a l c u l a t e d  by means o f  s t a t i o n a r y  p h a se ;  t h e  main c o n t r i b u ­
t i o n  comes from t h e  s t a t i o n a r y  phase  p o in t  a t  t Thus
to
gh ,ec.M : !^ ' €*p["T^ £0£ ] e* K iil£ jf  tFi5)
^  _ ji  i* *■ t  *
The rem a in in g  i n t e g r a l  can b e  e v a lu a t e d  by  co n to u r  i n t e g r a t i o n  i f  ve 
make use o f  t h e  i n t e g r a l  r e p r e s e n t a t i o n  o f  t h e  A iry  f u n c t i o n ,^*1
( P .6 )
S u b s t i t u t i n g  eq .  ( F . 6 ) i n t o  t h e  i n t e g r a l  o f  eq. (F.5) fi-nd chang ing  th e  
o r d e r  o f  i n t e g r a t i o n ,
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^  «s oo «
:= J &  *xK%ll+ J1*! 1 7 ^. (F .7 )
The i n t e g r a l  over X i n  th e  f i r s t  te rm  can be e v a lu a t e d  by c l o s i n g  th e  
contour in  t h e  upper h a l f  p la n e ;  t h e  i n t e g r a l  o v e r  x in  t h e  second 
te rm  r e q u i r e s  t h a t  th e  co n to u r  be c lo se d  In  t h e  lo w er  h a l f  p l a n e .  
Com pletion o f  t h e  co n to u r  i n t e g r a t i o n s  g iv e s  t h e  GqEt m&t r i x  e l e m e n t ,
'w* J* * ’1 't* V * 6uV l  <F 01
The r e s t  o f  t h e  G -  m a t r ix  i s  o b ta in e d  by e v a l u a t i n g  C - t t )ft
fo r  t  **■ 0 and t  —► , where
flp «p
C_<0 = I J fw  + 1  SU-Ef) f  J c  E H p [- i£ t\  (F .9 )
E 77/1 j t‘t riTT  ^ nr"7(eTjrr * *
gffc , E 1] ia  d e f in e d  in  eq, (V .2 5 ) .  The i n t e g r a l  I n  th e  sec o n d  te rm  
can be e v a lu a te d  fo r  t  >_ 0 by i n t e g r a t i n g  around  a  co n to u r  w hich i n ­
c lu d e s  t h e  r e a l  a x i s  and  an i n f i n i t e l y  l a r g e  s e m i - c i r c l e  i n  t h e  low er 
h a l f  p l a n e ,
a
c . i U o ' i  = vl0 V .i' f J e _  e * p / - i e t \  .< * ,£ ’) .  «» p |-T e U  ( F 1 0 )
f < E '  15 J
The c h a r a c t e r i s t i c s  o f  th e  re m a in in g  i n t e g r a l  o re  such t h a t  c o n to u r
I l l
i n t e g r a t i o n  can be u s e d  i f  ( i ) f o r  t  = 0  t h e  c o n t o u r  i s  c l o s e d  in  t h e  
u p p e r  h a l f  p l a n e  so  i n t e g r a t i o n  l a  done a lo n g  ABC in  F ig .  V-8 , and 
( i i )  f o r  t  — i n t e g r a t i o n  i s  done o v e r  t h e  c o n to u r  ABDF i n  F i g .  V-6 . 
For t  =■ 0* t h e  i n t e g r a n d  v a n i s h e s  a lo n g  C and t h e r e  a r e  no p o l e s  en ­
c l o s e d  by  ABC so
C- e f t  -  S ( F. 11)
w hich  i s  t h e  r e q u i r e d  b o u n d a ry  c o n d i t i o n .  For t  “+ «> ( i )  t h e  i n t e g r a l
a lo n g  A c an  be e v a l u a t e d  by t h e  c o n t r i b u t i o n  from  t h e  s t a t i o n a r y  p h a se  
p o i n t  ( t h i s  c o n t r i b u t i o n  i s  a e r o  s i n c e
C £ h  -  E) 1 — 0 )* ( i i )  t h e  i n t e g r a l  a lo n g  D v a n i s h e s  a s  t h e  r a d i u s  
i s  t a k e n  t o  be i n f i n i t e l y  l a r g e ,  ( i i i )  t h e  i n t e g r a l  a lo n g  F v a n i s h e s  
s i n c e  exp  ( -  i  ft t / l i }  goes  t o  z e r o  f o r  2m & < 0  ae  t - » ®  , an d
( i v )  t h e  c o n t r i b u t i o n  from t h e  p o l e  can be  d e te r m in e d  from  C au ch y ’ s 
r  e s  i  due t  h eo rem „ Fi n a l l y ,
g ■ c a—i = \  <! r v v . - iiE-e') exo (f.is)
**■ O '1 '  f i  I p(E) ' *  >
E q u a t io n s  ( F .5 )  and  (F .1 2 )  c o m p le te  t h e  d e r i v a t i o n  o f  t h e  r e ­
s u l t s  need ed  t o  c o n s t r u c t  (j  i n  C h a p te r  V,
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